
Cancun 1.00 1

AN INTRODUCTION TO ANT SYSTEMS
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EXPERIMENTS ON REAL ANTS 
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MATHEMATICAL MODEL

3 = T

3 ∝ P G 

P : pheromone strength
G : D�SULRUL interest of the direction
T : Exploitation factor 



Cancun 1.00 5

SEMINAL TSP APPLICATION

&RORUQL��'RULJR��0DQLH]]R�������

Build a solution edge after edge.

0DJLF�IRUPXO  �

3 ∝ PH
α GH

β, where PH : pheromone strength, GH : length of edge H, 0 ≤ α, β ≤ 0 parameters

Pheromone strength update : 

Pe ← ρPe, for all edge H where 0 ≤ ρ ≤ 1: parameter simulating pheromone evaporation

PH ← PH + 4�/, for all edge H belonging to a solution of length / built, 4 another parameter 

(YROXWLRQ�RI�VHPLQDO�ZRUN �

More elaborated construction procedure (candidate list, additional parameters)

Improvement of the solutions with local search

Intensification and diversification strategies for managing memory P.
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ARTIFICIAL ANT SYSTEMS

$QW�SURFHVV

Receive problem data, memory state 0 + parameters from Queen process

Build a new solution to the problem probabilistically with the help of the memory.

Send new solution to Queen process

4XHHQ�SURFHVV

Initialize memory 0

Repeat (in parallel) until a stopping criterion is met

Choose parameters for a new Ant process and activate it.

Receive a solution from an Ant process and update memory 0

Return best solution produced by the system

4XHHQ�SURFHVV�≈�$&2�SURFHVV�RI�'RULJR�	�'L�&DUR������
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QUADRATIC ASSIGNMENT PROBLEM (QAP)

'DWD���Q×Q�PDWULFHV�$� ��DLM���%� ��EUV�

$���IORZV�PDWUL[��XQLWV���%���GLVWDQFH�PDWUL[��ORFDWLRQV�

2EMHFWLYH�IXQFWLRQ���ILQG�D�SHUPXWDWLRQ�π�PLQLPL]LQJ �

$QW�V\VWHP�PHPRU\�IRU�WKH�4$3���0DWUL[�0� ��PLU�� �VWDWLVWLF�RQ�πL� �U

DLMEπLπM

M 1=

Q

∑
L 1=

Q

∑
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MMAS : MAX-MIN ANT SYSTEM

6W�W]OH�DQG�+RRV������

%DVLF�LGHD�

Each entry PLU of the memory is constrained to belong to the interval�PPLQ ≤ PLU ≤ PPD[.

$QW�SURFHVV �

Repeat Q times

Select a facility L not yet assigned

Assigned L to location U with probability :

T if PLU = maxN PLN  (exploitation)

∝ PLU  otherwise  (exploration)

Improve solution with local search (greedy or taboo search)
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MMAS : MAX-MIN ANT SYSTEM

³4XHHQ�SURFHVV´

Memory initialization PLU = PPD[ ∀ L, U

Repeat :

Activate N Ant processes

Wait for N solutions π�, …, πN (πE is the best among them)

Memory update 

0 ← ρ 0 ; 

 every odd iteration

 every even iteration (π* best solution found so far)

P
LπL

E P
LπL

E 1 F
E⁄+←

P
LπL

* P
LπL

* 1 F*⁄+←

PLU PD[ PLQ PLU PPD[,( ) PPLQ,( ) L U,∀←



Cancun 1.00 10

APPROXIMATE NONDETERMINISTIC TREE SEARCH 

(ANTS)

0DQLH]]R������

%DVLF�LGHD��

At each construction step : compute a lower bound influencing ant’s choice

lb11 lb12 lb13
... lb1U lb1Qπ1 = U

lb21 lb22
... lb2V

π2 = V
lb2�Q�1
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ANTS

4XHHQ�SURFHVV

Compute a lower bound /% to the optimum solution cost by linear relaxation

Re-order indices (L) by decreasing value of dual variables associated to locations

Set 

Repeat, until a stopping criterion is met :

Activate N Ant processes

Wait for N solutions π1, …, πk from the Ant processes (cost of πE : FE)

Compute average solution value of the last S solutions received

Set 

PLU
0

I Dual variables( )=

F

P
LπL

E P
LπL

E P
LπL

E
0 F F

E
–

F /%–
---------------- L E,∀⋅+←
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ANTS

$QW�SURFHVV

For L = 1 to Q do :

Compute the lower bound /%LU of assigning unit L to location U 

(given that units 1, …, L – 1 are already assigned)

Set πL = U with probability proportional to : αPLU + (1 –α)/%LU

Improve π with local search

Return π to Queen process
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HYBRID ANT SYSTEM (HAS)

*DPEDUGHOOD��7DLOODUG��'RULJR�������

$QW�SURFHVV��0��π�

Repeat S times :

Select L randomly, uniformly in 1, …, Q

Select M probabilistically :

With probability T : M such that  is maximum

M in 1, …, Q with probability proportional to 

Swap πL and πM

Improve π with fast local search → µ

Return µ to Queen process

PLπM
PMπL

+

PLπM
PMπL

+
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HAS

4XHHQ�SURFHVV

PLU = ε

For E = 1,… N

Generate πE randomly, uniformly ; improve πE with a local search

π* : best solution in πE , E = 1,… N

Repeat, until stopping criterion is met :

Activate N Ant processes (M, πE) (E = 1,…, N)

Receive N solutions µE (E = 1,…, N)

Update π*

0 ← ρ0

Update pool of solution πE , E = 1,…, N with intensification and diversification strategies

P
LπL

* P
LπL

* 1 F*⁄+←
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FAST ANT SYSTEM (FANT)

7DLOODUG������

%DVLF�LGHD���6LPSOH�$QW�6\VWHPV��LQFRUSRUDWLQJ�VHOI�DGDSWLYH�LQWHQVLILFDWLRQ�DQG�GLYHUVLILFDWLRQ�

$QW�SURFHVV

Build a new solution randomly ; probability of setting πL = U ∝ PLU

Improve π with local search ; return π to Queen process

4XHHQ�SURFHVV

Set Y ← 1 and PLU ← Y ∀L��U

Repeat, until stopping criterion is met :

Activate an Ant process

Receive π from Ant process

If π = π*, set Y ← Y + 1 and PLU ← Y ∀L��U (diversification)

If π better than π*, set π* ← π ; Y ← 1 and PLU ← Y ∀L��U (intensification)

Set  and PLπL
PLπL

Y+← P
LπL

* P
LπL

* 5 L∀,+←
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BI-QUADRATIC ASSIGNMENT PROBLEM

3UREOHP�IRUPXODWLRQ:

min DKLMNEUVWX[KU[LV[MW[NX
X
∑

W
∑

V
∑

U
∑

N
∑

M
∑

L
∑

K
∑

s. t. : [LM
M 1=

Q

∑ 1= L∀

[LM
L 1=

Q

∑ 1= M∀

[LM 0 1{ , }∈ L M,∀
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NUMERICAL RESULTS (BI-QAP)

%HVW�PHWKRG�SUHYLRXVO\�DYDLODEOH ��*5$63�0DYULGRX��3DUGDORV��3LWVRXOLV� 5HVHQGH������

Problem 
name

Q Optimal value
FANT GRASP Time [seconds]

Min Avg Max Min Avg Max FANT GRASP
biQAP_10 10 133216 1 1.5 4 1 1.7 2 0.08 2.3
biQAP_12 12 120600 2 7.1 15 1 7.2 18 1.16 23.1
biQAP_14 14 251356 1 6.8 24 1 2.2 4 3.47 23.9
biQAP_16 16 441696 1 9.5 38 2 13.4 34 13.4 289.6
biQAP_18 18 811338 3 8.8 22 1 2.8 5 35.0 138.7
biQAP_20 20 1487296 1 2.4 5 1 2.0 5 17.0 184.2
biQAP_22 22 3118716 1 2.3 4 1 1.5 2 27.0 267.1
biQAP_24 24 1780378 3 41.7 149 1 28.2 66 713 8092.2
biQAP_26 26 5305872 1 1.9 4 1 3.1 9 45.0 1664.3
biQAP_28 28 4606532 1 5.8 13 1 4.7 15 199 4130.4
biQAP_30 30 4468860 2 43.2 276 4 27.3 138 2007 30344.0
biQAP_32 32 8088327 2 7 20 1 6.6 16 451 12585.1
biQAP_34 34 9445329 2 15.2 29 4 14.3 63 1371 36936.5
biQAP_36 36 11297520 2 21.3 51 2 21.8 58 2374 79281.6

7DEOH � �&RPSDULVRQ�RI�)$17�DQG�*5$63�IRU�WKH�EL�TXDGUDWLF�DVVLJQPHQW�SUREOHP��1XPEHU�RI�LWHUDWLRQV�IRU�JHWWLQJ�RSWLPDO
YDOXH�DQG�&38�WLPH�RQ�6*,�5���������0+]��)$17��DQG�6*,�5��������0+]��*5$63���3UREOHP�LQVWDQFHV�RI�%XUNDUG
DQG�dHOD�������
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NUMERICAL RESULTS (3-MEDIAN)

%HVW�PHWKRGV�DYDLODEOH

Heuristic Concentration (HC, Rosing, 1998, private comm.)

Taboo Search (TS, Rolland, Schilling, Current, 1997)

Variable Neighbourhood Search (VNS, Hansen, Mladenovic 1998)

Q S
Best known 

(FANT)
Quality (% over best known) Time (seconds)

FANT 15 FANT 40 VNS HC TS FANT 15 FANT 40 VNS TS
200 10 48912 0.70 0.04 4.02 0.00 0.68 87 233 279 382
200 15 31153 1.61 0.31 5.46 0.00 2.80 134 358 289 401
200 20 23323 2.22 1.60 5.49 0.65 0.74 196 520 318 416
300 10 82664 2.32 0.95 6.40 0.00 0.47 231 614 504 1241
300 15 52772 3.55 2.71 4.47 0.00 1.81 332 884 492 1322
300 20 38244 3.50 2.69 6.08 1.35 2.49 467 1243 518 1378
400 10 123464 3.70 1.67 3.93 0.00 3.79 446 1187 816 2911
400 15 79872 4.49 2.73 4.86 0.75 5.15 672 1789 740 3097
400 20 58408 2.98 2.05 5.00 0.96 1.26 956 2559 743 3218
500 10 150112 1.92 0.57 3.76 0.00 1.52 699 1863 1136 9732
500 15 97624 2.72 1.30 4.62 0.00 0.79 1010 2702 1022 9731
500 20 72714 3.80 2.80 5.32 0.60 0.60 1420 3780 1015 9748

Average 2.79 1.61 4.95 0.29 1.84 554 1478 655 3631
7DEOH � �&RPSDULVRQ�RI�)$17�����DQG����LWHUDWLRQV��ZLWK�916���������LWHUDWLRQV���+&�DQG�76��)$17�DQG�UH�LPSOHPHQWDWLRQ�RI

916�ZDV�UXQ�RQ�6XQ�6SDUF����76�RQ�6*,�5��������0+]��3UREOHP�LQVWDQFH�RI�5ROODQG�HW�DO��������$OO�EHVW�VROXWLRQ�NQRZQ
REWDLQHG�E\�ORQJ�)$17�UXQV�
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COMPARING NON-DETERMINISTIC HEURISTICS

([SHULPHQWV ��5XQ�HYHU\�RI�WKH�N�KHXULVWLFV�E�WLPHV�IRU�WKH�VDPH�SUREOHP�LQVWDQFH��ORQJ�UXQV�

5HIHUHQFH�KHXULVWLF��FODVVLFDO�FKDUDFWHUL]DWLRQ�LQ�25� ��EHVW�DYHUDJH�VROXWLRQ�YDOXH�

4XHVWLRQ ��,V�KHXULVWLF�K�VLJQLILFDQWO\�ZRUVH�WKDQ�UHIHUHQFH�KHXULVWLF "

$QVZHU ��0DQQ�:KLWQH\�WHVW�

Rank the 2E runs of reference + K heuristics by decreasing quality

If ∑ ranks of reference heuristic > 7α(E), reject hypothesis K is worse (α : confidence level).

Computational effort

7α

E(E + 1)/2

E(3E – 1)/2

K�

K�K not worse than reference

K significantly worse

Rank of reference heuristic
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COMPACT VIEW

Rank(K) = E(E + 1)/2

Rank = E(3E – 1)/2

7α

K not worse than reference

K is reference for this CPU time

Computational effort


