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Elements of Graphs and Complexity Theory

Chapter 1
Elements of Graphs and Complexity Theory
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Elements of Graphs and Complexity Theory Combinatorial Optimization

1.1 Combinatorial Optimization
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Elements of Graphs and Complexity Theory Combinatorial Optimization

Combinatorial Optimization

An old European map coloured with 5 colours (taking the background into account)

@ How many colour are needed at minimum?

= = - -
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Elements of Graphs and Complexity Theory Combinatorial Optimization

Combinatorial Optimization

An old European map coloured with 5 colours (taking the background into account)

@ How many colour are needed at minimum?
@ How to formally model this problem?
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Elements of Graphs and Complexity Theory Combinatorial Optimization

Combinatorial Optimization

An old European map coloured with 5 colours (taking the background into account)

@ How many colour are needed at minimum?
@ How to formally model this problem?
@ How to proceed to find a feasible colouring?
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Elements of Graphs and Complexity Theory Combinatorial Optimization

Linear Programming

Maximize z=
Subject
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Elements of Graphs and Complexity Theory Combinatorial Optimization

Formalizing the optimization version of the map colouring problem

n
Minimize z =)y
k=1
Subject to:
n
Zx,-k =1 i=1,...,n
k=1
Xik — Yk < 0 i,k:].,...,n
Xik + Xjie < V(i,j) have a common border,
k=1,...,n

X,y € {0,1}
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Graph Colouring

@ Switzerland and its neighbour countries that we want to colour

©E.D. Taillard 2023
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Graph Colouring

@ Switzerland and its neighbour countries that we want to colour
@ Each country is symbolized by a disk, and a common border is symbolized by a line
connecting the corresponding countries

©E.D. Taillard 2023
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Graph Colouring

@ Switzerland and its neighbour countries that we want to colour

@ Each country is symbolized by a disk, and a common border is symbolized by a line
connecting the corresponding countries

@ The map colouring can be transformed into the colouring of the vertices of a graph

©E.D. Taillard 2023
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Graph, Vertex, Edge, Path

Vertex, node deg(u) =2 deg(v) =4
Q (Undirected) edge Q (u)xMultiple edges 0’
Loop

Tail Head deg™(w) =0

O Arc, directed edgg deg—(w) =1

©E.D. Taillard 2023

Elementary unoriented path of length 4
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Tree, Forest, Bipartite Graph, Clique

W ST

Tree Forest (with 4 connected components)
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Bipartite graph Complete graph, clique
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

1.2 Elements of Algorithmic Complexity and Complexity Theory
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Empirical Computational Effort

Building a travelling salesman tour as a function of the number n of cities
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation
e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation
e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)
e f(n) € Q(g(n))if Ing > 0,3c > 0 such thatvn > ng, f(n) > c - g(x)
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Bachmann-Landau Notations

@ Big O notation
e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)
e f(n) € Q(g(n))if Ing > 0,3c > 0 such thatvn > ng, f(n) > c - g(x)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation

e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)

e f(n) € Q(g(n))if Ing > 0,3c > 0 such thatvn > ng, f(n) > c - g(x)

e f(n) € O(g(n))ifdny > 0,3 > ¢ > 0 such thatvn > ng, 1 - g(n) < f(n) < o2 - g(n)
@ Little o notation
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Bachmann-Landau Notations

@ Big O notation

e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)

e f(n) € Q(g(n))if Ing > 0,3c > 0 such thatvn > ng, f(n) > c - g(x)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation

(n) € O(g(n)) if 3ng > 0,3c > 0 such that Vn > ng, f(n) < c - g(n)
f(n) € Q(g(n)) if Ing > 0,3c > 0 such thatVn > ng, f(n) > c - g(x)
e f(n) € ©(g(n))if 3ng > 0,3c, > c1 > 0 such thatvn > ng, c1 - g(n) < f(n) < &2 - g(n)

@ Little o notation
e f(n) € o(g(n))iflim,o0 & f > 0
o f(n) €w(g(n))iflim,_eo gEn; >0
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Bachmann-Landau Notations

@ Big O notation

e f(n) € O(g(n))if Ing > 0,3c > 0 such that Vn > no, f(n) < c- g(n)

e f(n) € Q(g(n))if Ing > 0,3c > 0 such thatvn > ng, f(n) > c - g(x)

e f(n) € ©(g(n))if 3ng > 0,3c, > c1 > 0 such thatvn > ng, c1 - g(n) < f(n) < &2 - g(n)
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o f(n) € o(g(n)) if limy o0 £ > 0

e f(n) € w(g(n))iflim,oo % >0
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

@ O(1): constant.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

@ O(1): constant.
@ O(log n): logarithmic; the base is not provided since O(log, n) = O(logy n).
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity
@ O(1): constant.

@ O(log n): logarithmic; the base is not provided since O(log, n) = O(logy n).
@ O(n°): fractional power, with 0 < ¢ < 1.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

(1): constant.

(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).
(n°): fractional power, with 0 < ¢ < 1.

(n): linear.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

@ O(1): constant.

@ O(log n): logarithmic; the base is not provided since O(log, n) = O(logy n).
@ O(n°): fractional power, with 0 < ¢ < 1.

@ O(n): linear.

@ O(nlog n): linearithmic.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.

O(log n): logarithmic; the base is not provided since O(log, n) = O(logy, n).
O(n°): fractional power, with 0 < ¢ < 1.
O(n): linear.
O(nlog n): linearithmic.
O(n?): quadratic.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.
O(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).
O(n°): fractional power, with 0 < ¢ < 1.

O(nlog n): linearithmic.
O(n?): quadratic.
O(n®): cubic.

(
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O(n): linear.
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(
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.

O(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).

O(n°): fractional power, with 0 < ¢ < 1.

o

nlog n): linearithmic.
2

o

n“): quadratic.
O(n®): cubic.
):

(

(

(

O(n): linear.
(

(

(

O(n°

polynomial, with ¢ > 1 constant.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.

O(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).

O(n°): fractional power, with 0 < ¢ < 1.

O(n): linear.
I

o

nlog n): linearithmic.
n?): quadratic.

O(n®): cubic.

O(n€): polynomial, with ¢ > 1 constant.

O(n'°&"): quasi-polynomial, super-polynomial, sub-exponential.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.

O(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).

O(n°): fractional power, with 0 < ¢ < 1.

O(n): linear.

S O

n?): quadratic.

n3): cubic.

O(n€): polynomial, with ¢ > 1 constant.

O(n'°&"): quasi-polynomial, super-polynomial, sub-exponential.
O(c"): exponential, with ¢ > 1 constant.
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

O(1): constant.

O(log n): logarithmic; the base is not provided since O(log, n) = O(log,, n).

O(n°): fractional power, with 0 < ¢ < 1.

O(n): linear.

o

nlog n): linearithmic.

(
(
(
(
(
(n?): quadratic.
(
(
(
(
(

S O

n3): cubic.

n¢): polynomial, with ¢ > 1 constant.

O(n'°&"): quasi-polynomial, super-polynomial, sub-exponential.
O(c"): exponential, with ¢ > 1 constant.

O(n!): factorial.

o
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Functions commonly encountered in algorithmic complexity

af) -
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Deterministic Turing Machine

Schematic representation of a deterministic Turing machine, which allows modelling and
formalizing a computer

Program §

©E.D. Taillard 2023

Infinite tape Read/Write head
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least
e ¥, the set of symbols that encodes a decision problem instance
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols

@ A set of states Q, containing at least
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols

@ A set of states Q, containing at least
@ qo (the initial state)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols

@ A set of states Q, containing at least

@ qo (the initial state)
@ gy (the final state indicating that the answer to the instance is “yes”)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least
e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols
@ A set of states Q, containing at least
@ qo (the initial state)
@ gy (the final state indicating that the answer to the instance is “yes”)
e gy (the final state indicating that the answer is “no”)
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Specification of a Deterministic Turing Machine

@ A tape alphabet I' containing at least

e ¥, the set of symbols that encodes a decision problem instance
e The special blank symbol b not belonging to
o Eventually other control symbols

@ A set of states Q, containing at least

@ qo (the initial state)
@ gy (the final state indicating that the answer to the instance is “yes”)
e gy (the final state indicating that the answer is “no”)

@ Atransition functiond : Q\ {qy,gn} xI — QxT x{-1,1}.

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 18/255



Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Example of a Turing Machine Program

@ Tape alphabet: ' = {0, 1, b}
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Example of a Turing Machine Program

@ Tape alphabet: ' = {0, 1, b}
@ Input alphabet: ¥ = {0,1}
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Example of a Turing Machine Program

@ Tape alphabet: ' = {0, 1, b}
@ Input alphabet: ¥ = {0,1}
@ Set of states: @ = {qo, 91, 92, g3, 9y, qn }
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Elements of Algorithmic Complexity and Complexity Theory
Example of a Turing Machine Program

@ Tape alphabet: I = {0, 1, b}

@ Input alphabet: ¥ = {0, 1}

@ Set of states: Q@ = {qo, 91, 92, g3, 9v, an}
@ Transition function ¢

Symbol o € T on the tape
State 0 1 b
90 (90,0,1)  (qo,1,1)  (q1,b,-1)
a1 (q27b7_1) (q37b7_1) (qN7 ) 1)
q@ | (qv,b,—-1) (qn,b,—1) Equ , 1;

1

as (CIN,b,—].) (qubv_l) qN7 )
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
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Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
@ An algorithmis a program that stops for any string x € ©*
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Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
@ An algorithmis a program that stops for any string x € ©*

@ The computational time of an algorithm is the number of steps performed by the
machine before it stops
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Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
@ An algorithmis a program that stops for any string x € ©*

@ The computational time of an algorithm is the number of steps performed by the
machine before it stops

@ The complexity of a program M is the largest computational time Ty, (n) required by
the machine to stop, whatever the string x of length n initially written on the tape is
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
@ An algorithmis a program that stops for any string x € ©*

@ The computational time of an algorithm is the number of steps performed by the
machine before it stops

@ The complexity of a program M is the largest computational time Ty, (n) required by
the machine to stop, whatever the string x of length n initially written on the tape is

@ A deterministic Turing machine program is in polynomial time if there is a polynomial
p such that Ty (n) < p(n)
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Class P of languages

@ The machine M accepts x € L* if and only if M stops in the state gy
@ The language recognized by M is the set of strings x € ¥* such that M accepts x
@ An algorithmis a program that stops for any string x € ©*

@ The computational time of an algorithm is the number of steps performed by the
machine before it stops

@ The complexity of a program M is the largest computational time Ty, (n) required by
the machine to stop, whatever the string x of length n initially written on the tape is

@ A deterministic Turing machine program is in polynomial time if there is a polynomial
p such that Ty (n) < p(n)

@ The class P of languages includes all the languages L such that there is a program
for deterministic Turing machine recognizing L in polynomial time
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory
Non-deterministic Turing machine

@ Schematic representation of a non-deterministic Turing machine

Program &

Read/Write head

©F.D. Taillard 2023

Guessing Module

Guessing hea
Infinite tape
~-b[b[1]o[1[1]ofofofo[1]of1]1]ofo]1]o[1][1]o][b]b]
-2-1 01 2 3 4

Cells
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory
Non-deterministic Turing machine

@ Schematic representation of a non-deterministic Turing machine
@ This machine allows formalizing the NP class, but does not exist in the real world

Program &

Read/Write head

©F.D. Taillard 2023
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Guessing hea
Infinite tape
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Class NP of languages

Languages L for which there exists a program M for a non-deterministic Turing machine

so that M recognizes L in time

@ The guessing module writes the solution of the problem into the negative index cells
of the tape
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Languages L for which there exists a program M for a non-deterministic Turing machine

so that M recognizes L in time

@ The guessing module writes the solution of the problem into the negative index cells
of the tape

@ The program has just to verify that the solution is correct
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Class NP of languages

Languages L for which there exists a program M for a non-deterministic Turing machine

so that M recognizes L in time

@ The guessing module writes the solution of the problem into the negative index cells
of the tape

@ The program has just to verify that the solution is correct

@ Informally the NP class contains all problems for which a solution can be verified in
polynomial time
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Polynomial-Time Reduction

@ Reduction of Problem; to Problem; in time T (n) where
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@ Reduction of Problem; to Problem; in time T (n) where

@ If T(n) is a polynomial and Problem; has a solution <= Problem; has a solution,
then we have a polynomial-time reduction
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Elements of Graphs and Complexity Theory Elements of Algorithmic Complexity and Complexity Theory

Polynomial-Time Reduction

@ Reduction of Problem; to Problem; in time T (n) where

@ If T(n) is a polynomial and Problem; has a solution <= Problem; has a solution,
then we have a polynomial-time reduction

@ The theory only requires to be able to carry out the operations represented with solid

line arrows
oC
1., Problems

Problemy

Solutiony

Decode
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Class NP-Complete

A problem 7 belongs to the class NP-Complete if = belongs to NP and every problem of
NP can be polynomially reduced to
@ If 7 is NP-complete and = can be solved in polynomial time, then P = NP
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NP-complete
@ (Cook) satisfiability is NP-complete; using the properties above, it is quite easy to
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A problem 7 belongs to the class NP-Complete if = belongs to NP and every problem of
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@ If 7 is NP-complete and = can be solved in polynomial time, then P = NP
@ If 7 is NP-complete and = does not belong to P, then P £ NP
@ If ;1 polynomially reduces to 7w, and 7, polynomially reduces to 3, then m;
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@ If m1 is NP-complete, 7> belongs to NP and 71 polynomially reduces to m», then 7, is
NP-complete
@ (Cook) satisfiability is NP-complete; using the properties above, it is quite easy to
show that other problems are NP-complete:
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Class NP-Complete

A problem 7 belongs to the class NP-Complete if = belongs to NP and every problem of
NP can be polynomially reduced to
@ If 7 is NP-complete and = can be solved in polynomial time, then P = NP
@ If 7 is NP-complete and = does not belong to P, then P £ NP
@ If ;1 polynomially reduces to 7w, and 7, polynomially reduces to 3, then m;
polynomially reduces to 3
@ If m1 is NP-complete, 7> belongs to NP and 71 polynomially reduces to m», then 7, is
NP-complete
@ (Cook) satisfiability is NP-complete; using the properties above, it is quite easy to
show that other problems are NP-complete:
Stable set
@ Graph colouring
o Integer linear programming
Travelling salesman
@ etc.
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Elements of Algorithmic Complexity and Complexity Theory
Polynomial Reduction of Satisfiability to the Stable Set Problem
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Other Complexity Classes

@ NP-Hard Extension of NP-complete to non-decision problems
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Other Complexity Classes

@ NP-Hard Extension of NP-complete to non-decision problems
e Optimization version of NP-complete problems

@ P-SPACE Can be solved with a memory limited by a polynomial
o Determine if a two-player game is fair

@ Class L Can be solved with an additional memory limited by a logarithmic of the
data size

@ Processing a database not fitting in RAM

@ Class NC Can be solved in polylogarithmic time on a machine including a
poylnomial number of processors

e Sorting the elements of an array
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Combinatorial Optimization Problems

Chapter 2

Combinatorial Optimization Problems
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Combinatorial Optimization Problems Optimal Trees

2.1 Optimal Trees
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Combinatorial Optimization Problems Optimal Trees

Kruskal Algorithm for Finding a Minimum Spanning Tree

For each edge, decide wether it is kept or not

@ There are 2/l potential solutions

Data: Undirected connected network R = (V, E, w)
Result: Minimum spanning tree T = (V, ET)
1 Sort and renumber the edges by nondecreasing weight w(e;) < w(e2) < -+ < w(eg)
2 Er=0
3 fork=1...|E|do
4 if ET U {ex} has no cycle then
5 L L ET<—ETU{€k}
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Kruskal Algorithm for Finding a Minimum Spanning Tree

For each edge, decide wether it is kept or not

@ There are 2/l potential solutions
@ This is a combinatorial problem

Data: Undirected connected network R = (V, E, w)
Result: Minimum spanning tree T = (V, ET)
1 Sort and renumber the edges by nondecreasing weight w(e;) < w(e2) < -+ < w(eg)
2 Er=0
3 fork=1...|E| do
4 if ET U {ex} has no cycle then
5 L L ET<—ETU{€k}

@ This is a greedy algorithm
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Combinatorial Optimization Problems Optimal Trees

Kruskal Algorithm for Finding a Minimum Spanning Tree

For each edge, decide wether it is kept or not

@ There are 2/l potential solutions
@ This is a combinatorial problem

Data: Undirected connected network R = (V, E, w)
Result: Minimum spanning tree T = (V, ET)
1 Sort and renumber the edges by nondecreasing weight w(e;) < w(e2) < -+ < w(eg)
2 Er=0
3 fork=1...|E| do
4 if ET U {ex} has no cycle then
5 L L ET<—ETU{ek}

@ This is a greedy algorithm
@ The algorithm is polynomial, so the problem is simple
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Jarnik Algorithm for Finding a Minimum Spanning Tree

Known Under Prim or Prim-Dijkstra Algorithm

Data: Undirected connected network R = (V, E, w), a given vertex s € V
Result: Minimum spanning tree T = (V, E7)
1 forall Vertexi € V do

2 Ai ¢ 00 /I Cost for introducing 7 into T
3 L pred; < & /I Predecessor of i
4 A =0Er+ g

5 L« V /I List of vertices to introduce in T
6 while L # @ do

8 Remove the vertex i with the smallest \; from L

9 if i # s then

10 | Er + Er U{pred;, i}

11 forall Vertex j adjacent to i do

12 if j € Land A\; > w({i,j}) then

14 Ao w({i,j})

15 L pred; < i
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Combinatorial Optimization Problems Optimal Trees

Steiner Tree

@ ) e @
O O
@) ©
O O O O O O
P ® O~__Steiner nodes ® ° O
@) o
O O
o e
Minimum spanning tree Steiner tree ¥

The combinatorial nature of the optional (Steiner) vertices to be introduced makes the
problem NP-hard
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Combinatorial Optimization Problems Optimal Paths

2.2 Optimal Paths
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Dijkstra Algorithm for Finding a Shortest Path

Data: Directed Network R = (V, E, w) with w(e) > 0 Ve € E, given by successor lists succ(i) for each vertex
i € V, agiven vertex s
Result: Immediate predecessor pred; of j on a shortest path from s to j, Vj € V and length )\; of the shortest
path from s to j
1 forall Vertexi € V do
2 L )\,’ — OO

w

pred; + &
4 A\s=0

5 L« V /I Vertices for which the shortest path is not definitive
6 repeat

8 Remove vertex i with smallest \; value from L

9 forall Vertices j € succ(i) do

10 if je Land \j > \i + w(i,j) then
12 )\j<—/\i+W(/7j)

13 predj < i

14 until L #£ o
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Bellman-Ford Algorithm for the Shortest Path

Data: Directed network R = (V/, E, w) given with an arc list, a starting node s
Result: Immediate predecessor pred; of j on a shortest path from s to j with its length A;, Vj € V/, or: warning message of
the existence of a negative length circuit
1 foralli € V do
2 L Ai <00 ; pred; < @

3 As 0

4 k<0 /I Step counter
5 continue < true /I At least one A modified at last step
6 while k < |V| and continue do

7 continue < false

8

9

k< k+1

forall arc (i,j) € E do
10 if A > Xi + w(i,j) then
1 Aj = A4 w(i,j)
12 pred; < i
13 continue < true

14 if k =|V| then
15 L Warning: there is a negative length circuit that can be reached from s
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Combinatorial Optimization Problems Optimal Paths

Operating Differences Between Dijkstra et Bellman Algorithms

Kruskal, Prim et Dijkstra are greedy algorithms
@ A choice made at a step is never questioned

o

Bellman-Ford works on the principle of local improvements
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@ A choice made at a step is never questioned
@ The choices to be made may differ from one algorithm to another

e Kruskal: one edge is introduced at each step
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Operating Differences Between Dijkstra et Bellman Algorithms

Kruskal, Prim et Dijkstra are greedy algorithms

@ A choice made at a step is never questioned
@ The choices to be made may differ from one algorithm to another

e Kruskal: one edge is introduced at each step
e Prim: a vertex is introduced at each step

@ Prim and Dijkstra can be formulated almost identically

Bellman-Ford works on the principle of local improvements
@ We start with a solution that is not necessarily good
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Combinatorial Optimization Problems Optimal Paths

Operating Differences Between Dijkstra et Bellman Algorithms

Kruskal, Prim et Dijkstra are greedy algorithms

@ A choice made at a step is never questioned
@ The choices to be made may differ from one algorithm to another

e Kruskal: one edge is introduced at each step
e Prim: a vertex is introduced at each step

@ Prim and Dijkstra can be formulated almost identically

Bellman-Ford works on the principle of local improvements
@ We start with a solution that is not necessarily good
@ At each step, the solution is slightly improved
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Combinatorial Optimization Problems Optimal Paths

Formulation of the shortest path problem in terms of a linear program

Primal:
Minimize z = " w(i, j)x;
ij
s.t. ZXU*ZXJ‘[(:O Vj#s,j#s,t
i=1 k=1
OETD PP
i=1 k=1
Xj=0 Vi
Dual:
Maximize A:
st A =N < w(i,)) Vi, Jj
As=0
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Combinatorial Optimization Problems Optimal Paths

Polynomial Reduction of Travelling Salesman to Elementary Path

Travelling Salesman Problem (TSP)

@ Find the shortest Hamiltonian cycle in a weighted network

438 <\
/ 237 \

@ ®
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Combinatorial Optimization Problems Optimal Paths

Polynomial Reduction of Travelling Salesman to Elementary Path

Travelling Salesman Problem (TSP)

@ Find the shortest Hamiltonian cycle in a weighted network
@ It has been proved that the search for a Hamiltonian path is NP-complete
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Combinatorial Optimization Problems Optimal Paths

Polynomial Reduction of Travelling Salesman to Elementary Path

Travelling Salesman Problem (TSP)

@ Find the shortest Hamiltonian cycle in a weighted network
@ It has been proved that the search for a Hamiltonian path is NP-complete
@ From this result, it is easy to prove that the TSP is difficult

~32 —-21
38 ~2b 8

=37

@&—©

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 38/255




Vehicle Routing

@ Set V of customers requiring quantities
gi of goods (i =1,...,|V])

Warehous@\?

5
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Vehicle Routing

@ Set V of customers requiring quantities
gi of goods (i =1,...,|V])

@ A vehicle of capacity @

@ A warehouse d

@ Split Vinto V4,... V,, such that Warehouse@\??

Zie\/,— qi < Q &
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Vehicle Routing

@ Set V of customers requiring quantities
gi of goods (i =1,...,|V])

@ A vehicle of capacity @

@ A warehouse d

@ Split V into V4,... V,, such that WarehWSGQ\?
Zie\/,— qi < Q

@ Solve a TSP for each V; U {d}

@ Minimize the total distance performed
by the vehicle
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Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized
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Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized
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@ Customers specify one or more time windows during which they want the vehicle to
visit
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Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized

@ The maximum length of tours can be limited

@ Customers specify one or more time windows during which they want the vehicle to
visit

@ Orders can be split up as required, which means several visits to the same customer

@ A tour combines collection and distribution

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 40/255



Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized

@ The maximum length of tours can be limited

@ Customers specify one or more time windows during which they want the vehicle to
visit

@ Orders can be split up as required, which means several visits to the same customer

@ A tour combines collection and distribution

@ We have more than one warehouse

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 40/255



Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized

@ The maximum length of tours can be limited

@ Customers specify one or more time windows during which they want the vehicle to
visit

@ Orders can be split up as required, which means several visits to the same customer

@ A tour combines collection and distribution

@ We have more than one warehouse

@ Depots house a fleet of heterogeneous or non-homogeneous vehicles

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 40/255



Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized

@ The maximum length of tours can be limited

@ Customers specify one or more time windows during which they want the vehicle to
visit

@ Orders can be split up as required, which means several visits to the same customer

@ A tour combines collection and distribution

@ We have more than one warehouse

@ Depots house a fleet of heterogeneous or non-homogeneous vehicles

@ The position of warehouses can be chosen

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 40/255



Combinatorial Optimization Problems Optimal Paths

Variants of Vehicle Routing Problems

@ The number m of tours can be a priori set or minimized

@ The maximum length of tours can be limited

@ Customers specify one or more time windows during which they want the vehicle to
visit

@ Orders can be split up as required, which means several visits to the same customer

@ A tour combines collection and distribution

@ We have more than one warehouse

@ Depots house a fleet of heterogeneous or non-homogeneous vehicles

@ The position of warehouses can be chosen

@ Etc.
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Combinatorial Optimization Problems Scheduling

2.3 Scheduling
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Scheduling

Determine the order in which to perform operations. Many parameters:

Ressource An operation must take place on a given resource or subset of resources or involve several
resources simultaneously
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Scheduling

Determine the order in which to perform operations. Many parameters:

Ressource An operation must take place on a given resource or subset of resources or involve several
resources simultaneously

Duration It takes a certain amount of time to complete an operation, which may depend on the
resource used

Setup Before performing an operation, the resource requires a set-up time depending on the
previously performed operation

Interrupt Once an operation has started, it can be put on hold (or not) before it ends
Preemption A resource can interrupt (or not) an operation to perform another one
Wait There may or may not be a dead time between two successive operations of the same task
Release An operation cannot take place before a certain time

Deadline An operation cannot take place after a certain hour
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Combinatorial Optimization Problems Scheduling

Permutation Flow Shop Scheduling

Application: Assembly line with m machines, each object to undergo m operations, one

per machine, without interruption or pre-emption

\

Machine

Machine

—
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Combinatorial Optimization Problems Scheduling

PL formulation of the Permutation Flow Shop Scheduling

Minimize d,
dmj +tmj<d, (=1...n)
di+tj<diy1; (i=1,..m—-1,j=1...n)
dj+tp<du+M-1—-yyp) (i=1...mj=1...nj<k=2...n)
dix +tiu <dj+M-yp (i=1,...mj=1...nj<k=2...n)
dj>0 (i=1,...mj=1...n)
yik € {0,1} (le...n,j<k:2...n)
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Job Shop Scheduling

Example of modelling with 3 machines and 3 objects

Machine 3

Y C3 ‘\C ’
Machine 1

Problem: Orient the edges of the cliques associated with the operations on each machine to minimize the
longest path from « to w
© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 45/255
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PL formulation of the Job Shop Scheduling

Minimize d,,
di+ti<d VY(i,))
di+t<d, Vi
di+t; <dic+ M- (1—yyx) Vi, konthesame machine
di + ty < di + M-y Vi, k onthe same machine
di>0 Vi

yik € {0,1} Vi, k on the same machine

//\ //\ //\

N
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Combinatorial Optimization Problems Flows in networks

2.4 Flows in networks
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Combinatorial Optimization Problems Flows in networks

Search for a maximum flow (1): blocking flow

By increasing the flow by one unit on the path s — 1 — 2 — t, there is no longer a path with
a possible direct increase

©E.D, Talllard 2023
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Combinatorial Optimization Problems Flows in networks

Searching for a Maximum Flow (2): Residual Network

Idea: we can increase the flow from 2 to 1 by decreasing the flow from 1 to 2

©E.D. Taillard 2023
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Ford-Fulkerson Algorithm

Search for a maximum flow from s to t

Input: Oriented network R = (V, E, w), a source-node s and a sink-node t

Result: Maximum flow from s to t

1 Starts with a null flow in all arcs

2 repeat

3 Build the residual network R* corresponding to the current flow

4 if There is a path from s to t in R* then

5 Find the maximal possible flow from s to t in R* along this path

6 Superimpose this flow on the current flow (diminish the flow in the arcs (i, /) of R
appearing as (j, /) arcs on the path in R*)

7 until there is no path from s to t in R*

Local Improvement Algorithm
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Combinatorial Optimization Problems Flows in networks

Searching for a maximum flow (3): proof of optimality

We can exhibit a subset A separating s from t such that the sum of the capacities leaving
A is equal to the value of the flow found
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Busacker-Gowen Algorithm for a Maximum Flow with Minimum Cost

Input: Oriented network R = (V, E, w, ¢) without negative circuit, a source-node s and a
sink-node t

Result: Maximum flow with minimum cost from s to t

1 Start with a null flow in all the arcs

2 repeat

3 Build the residual network R* relative to the current flow

4 if A path form s to t exists in R* then

5 Find the maximal possible flow through the shortest path from s to t in R*
6 L Superimpose this flow on the current flow

7 until there is no path from s to t in R*
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Combinatorial Optimization Problems Assignment Problems

2.5 Assignment Problems
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Combinatorial Optimization Problems Assignment Problems

Linear Assignment in Terms de Linear Programming

Minimize z": z": CiuXiu

i=1 u=1
Such that
n
Zx,-u =1 u=1,...,n
i=1

{0,1} (i,u=1,...,n)

The problem can be polynomially solved with a network flow model

x
<
m
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Combinatorial Optimization Problems Assignment Problems

Generalized Assignment

Minimize

Such that

NP-hard

© Eric D. Taillard 2024 (HEIG-VD)

N

n m
E g CiuXiu

i=1 u=1

Heuristic Design

April 3, 2025

55/255



2.5 Knapsack

@ Special case of the generalized assignment

n
Maximize Z i+ X
i—1
Such that
n

Zv;-x,- < Vv

i=1
xi € {0,1} (i=1,...,n)
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2.5 Knapsack

@ Special case of the generalized assignment
@ Objects of volume v; with values ¢;, (i = 1,...,n)

n
Maximize Z G+ X
i—1
Such that
n

Zv;-x,- < Vv

i=1
xi € {0,1} (i=1,...,n)
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2.5 Knapsack

@ Special case of the generalized assignment
@ Objects of volume v; with values ¢;, (i = 1,...,n)
@ Find the maximum value load of the knapsack

n
Maximize Z i+ X
i—1
Such that
n

Zv;-x,- < Vv

i=1
xi € {0,1} (i=1,...,n)
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2.5 Knapsack

@ Special case of the generalized assignment

@ Objects of volume v; with values ¢;, (i = 1,...,n)
@ Find the maximum value load of the knapsack

@ Not exceeding the volume V of the sack

n
Maximize Z G+ X
i—1
Such that
n

Zv;-x,- < Vv

i=1
xi € {0,1} (i=1,...,n)
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2.5 Knapsack

@ Special case of the generalized assignment

@ Objects of volume v; with values ¢;, (i = 1,...,n)

@ Find the maximum value load of the knapsack

@ Not exceeding the volume V of the sack

@ The simplest NP-hard problem that can be expressed as a integer linear program:

n
Maximize Z i+ X
i—1
Such that
n

Zv;-x,- <V

i=1
xi € {0,1} (i=1,...,n)
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Combinatorial Optimization Problems Assignment Problems

Standard and optimised mobile phone keyboard

@ 1 unit of time to press a key

@

(a) Standard keyboard (b) Optimized keyboard
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Combinatorial Optimization Problems Assignment Problems
Standard and optimised mobile phone keyboard

@ 1 unit of time to press a key
@ 2 time units for moving from one key to another

@

(a) Standard keyboard (b) Optimized keyboard
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Combinatorial Optimization Problems Assignment Problems
Standard and optimised mobile phone keyboard

@ 1 unit of time to press a key
@ 2 time units for moving from one key to another
@ Wait 6 time units to enter a new symbol on the same key

( Jlabe)laer] [ J(a0z)
[ghi][ikl%[mno] Lipy umh%[nvbw]

[
[pqu] [tuv [wxyZ] [rlxk] { s¢j [ tdf ]

(2]

(a) Standard keyboard (b) Optimized keyboard
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Combinatorial Optimization Problems Assignment Problems

Standard and optimised mobile phone keyboard

@ 1 unit of time to press a key
@ 2 time units for moving from one key to another
@ Wait 6 time units to enter a new symbol on the same key

L Jlabe)laer) [ Jla0z)

Loni ] J{mno)  [ipy | (umh) lovow

[pqrs] {tuv } [wxyz] [rlxk] [ SCj ] [ tdf ]
@]

(a) Standard keyboard (b) Optimized keyboard

@ 70 units of time to type “a ce soir bisous”
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Standard and optimised mobile phone keyboard

@ 1 unit of time to press a key
@ 2 time units for moving from one key to another
@ Wait 6 time units to enter a new symbol on the same key

( labo)(der) [ a0z eq)

)
[ghl] jkl [mno] [ipy] umh% [nvbw]

(a) Standard keyboard (b) Optimized keyboard

@ 70 units of time to type “a ce soir bisous”
@ Only 51 time units with an optimised keyboard

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design
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Combinatorial Optimization Problems Assignment Problems

Quadratic Assignment Problem

n n n n

Minimize Z Z Z Z ajj buy XiuXjy

i=1 j=1 u=1 v=1

Such that

n
Zx,-u = 1 u=1,...,n
i=1
n
dxiw = 1 i=1...,n
u=1

0,1 (hbu=1,....n)

Other formulation: find a permutation p of n elements minimizing 3°7, > 7, aj - bpip;

m

Xiu

@ a; Frequency of occurrence of the symbol j after the symbol i in a sample text
@ b,, Delay between typing a symbol in position u and another in position v
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Combinatorial Optimization Problems Clustering

2.7 Clustering
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2.7 Clustering

@ Set of elements E

Homogeneity measure of a cluster G C E
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2.7 Clustering

@ Set of elements E
@ Dissimilarity measure d(i, ) > 0 between elements jand j € E
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2.7 Clustering

@ Set of elements E
@ Dissimilarity measure d(i, ) > 0 between elements jand j € E
@ Group similar elements and separate dissimilar elements

Homogeneity measure of a cluster G C E
Diameter Maximal value d(i, ) for 2 elements / and j € G: max; jegd(i, )
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2.7 Clustering

@ Set of elements E
@ Dissimilarity measure d(i, ) > 0 between elements jand j € E
@ Group similar elements and separate dissimilar elements

Homogeneity measure of a cluster G C E

Diameter Maximal value d(i, ) for 2 elements / and j € G: max; jegd(i, )

Radius Maximal dissimilarity between the most central element and another in G:
ml‘”ieGmaxjeGd("aj)
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2.7 Clustering

@ Set of elements E
@ Dissimilarity measure d(i, ) > 0 between elements jand j € E
@ Group similar elements and separate dissimilar elements

Homogeneity measure of a cluster G C E

Diameter Maximal value d(i, ) for 2 elements / and j € G: max; jegd(i, )
Radius Maximal dissimilarity between the most central element and another in G:
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2.7 Clustering

@ Set of elements E
@ Dissimilarity measure d(i, ) > 0 between elements jand j € E
@ Group similar elements and separate dissimilar elements

Homogeneity measure of a cluster G C E
Diameter Maximal value d(i, ) for 2 elements / and j € G: max; jegd(i, )
Radius Maximal dissimilarity between the most central element and another in G:
ml‘”ieGmaxjeGd(":J')
Clique Sum of dissimilarities between all pair of elements of G: 37, >~ d(i,))
Star Sum of dissimilarities between the most central element of G and the others:

min; 3 ;e d(i,))
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Combinatorial Optimization Problems Clustering

Example of a large unsupervised clustering problem: compression
by quantization

With blocks of 15 pixels, clustering over millions of elements and 24 = 16384 centres, we
can build a decent image with less than one bit per pixel
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Combinatorial Optimization Problems Clustering

Position of optimal points according to the dissimilarity measure
For the points of the Euclidean plane: (0, 1), (3, 3), (5,0)

(3.3)
® Medoid

_hi star sum

...................... (% %)
L]
Gravity centre (/ star sum
@
©.1) Median of measures ™.
o Radius
(3:3)

(5,0)
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Combinatorial Optimization Problems Clustering

Heterogeneity measures between two clusters G and H

Separation Minimum distance between two elements belonging to different groups:
miniEG,jEHd(iaj)
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Combinatorial Optimization Problems Clustering

Heterogeneity measures between two clusters G and H

Separation Minimum distance between two elements belonging to different groups:

miniEG,jEHd(iaj)
Cut Sum of dissimilarities between elements of two different clusters:
>iec 2jen d(isJ)
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Combinatorial Optimization Problems Clustering

Heterogeneity measures between two clusters G and H

Separation Minimum distance between two elements belonging to different groups:
minieGJeHd(iaj)
Cut Sum of dissimilarities between elements of two different clusters:
ZIGG jeH d(i7j)
Normalized cut Average dissimilarity between elements of two different clusters:

2ice 2jen d(5,7)/ (1G] - [HI)
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Global Clustering Criteria

@ Maximize the smallest separation (or the smallest cut) between elements of 2
different clusters
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Global Clustering Criteria

@ Maximize the smallest separation (or the smallest cut) between elements of 2
different clusters

@ Minimize the largest diameter (or the largest radius, or the largest clique or the
largest star) of a cluster
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Global Clustering Criteria

@ Maximize the smallest separation (or the smallest cut) between elements of 2
different clusters

@ Minimize the largest diameter (or the largest radius, or the largest clique or the
largest star) of a cluster

@ Minimize the star sum (or the diameter, radius, clique sum)
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k-Medoids or p-Median: Partition Around Medoids (PAM)

Minimize the star sum relatively to elements of E

Input: Set E of items with a dissimilarity function d(i, j) between items i and j; kK medoids c1,...,cc € E
Result: Clusters Gi,..., Gy C E

1 repeat

2 forall iftem i € E do

3 L Assign i to the closest medoid, creating clusters Gi,..., Gy C E

4 forall medoid ¢; do

5 forall itemi € E do

6 L Compute the improvement (or the loss) of a solution where ¢; is moved on item i

7 if A strictly positive improvement is found then

8 L Move the medoid on the item inducing the largest improvement

9 until no strict improvement is found

Local Improvement Algorithm
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k-Means

Minimize the star sum (square distance) relatively to gravity center of clusters

Input: Set E of items in R? with /, norm measuring the dissimilarity between items; k
centres ci,...,ce € RY
Result: Clusters Gy,..., G, C E
1 repeat
2 forall itemi € E do
3 L Assign each item i € E to its nearest centre, creating clusters Gi,..., Gy C E

4 forall j€1,..., kdo
| ¢ = gravity center of G;

(3]

until no centre has moved

o

Local Improvement Algorithm
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2.8 Graph Colouring Problem

@ Either the vertices or the edges of a graph can be coloured

L(G)

©E.D. Taillard 2023

NP-hard problem
However, colouring the edges of a bipartite graph is a simple problem
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2.8 Graph Colouring Problem

@ Either the vertices or the edges of a graph can be coloured
@ Edge colouring can be transformed into vertex colouring of the corresponding line graph

L(G)

©E.D. Taillard 2023

NP-hard problem
However, colouring the edges of a bipartite graph is a simple problem
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Problem Modelling

Chapter 3
Problem Modelling
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Chapter Content

e Problem Modelling

@ Objective Function and Fitness Function
@ Lagrangian Relaxation

@ Multi-Objectives Optimization....................... 78
@ Pareto Set
@ Scalarizing
@ Sub-goals to Reach

@ Practical Applications Modelled as Classical Problems
@ Linear Assignment Modelled by Minimum Cost Flow
@ Map Labelling Modelled by Stable Set
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Problem Modelling Objective Function and Fitness Function

3.1 Objective Function and Fitness Function
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Problem Modelling Objective Function and Fitness Function

Natural objective function for graph colouring

Minimize : ¢ = fi(s)
S.t.: 2 adjacent vertices have different colours
and : Number of colours used by s < ¢
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Problem Modelling Objective Function and Fitness Function

Less Intuitive Fitness Function: Edge Orientation

Minimize : £(s) = Longest Path in G oriented
S.t. . The edge orientation G has no circuit
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Problem Modelling Objective Function and Fitness Function

Lagrangian Relaxation

Principle

@ Introduce one or more constraints into the objective

Minimize  f(s)
St seS Easyconstraint
and g(s) <0 Makes the problem hard
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Problem Modelling Objective Function and Fitness Function

Lagrangian Relaxation

Principle

@ Introduce one or more constraints into the objective

Minimize  f(s)
St seS Easyconstraint
and g(s) <0 Makes the problem hard

@ With a penalty A

Minimize f(s) + A - max(g(s),0) with )\, a parameter
S.t. ses
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Problem Modelling Objective Function and Fitness Function

Fitness Function Obtained with Lagrangean Relaxation

Minimize : f3(s) = ¢ + A - Number of edges with both end with the same colour
S.t.: Number of colours used s < ¢
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Problem Modelling Objective Function and Fitness Function

Partial Colouring

©E.D. Taillard 2023

Minimize : fa(s) = Number of uncoloured vertices
S.t.: 2 adjacent vertices have different coulours
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Problem Modelling Objective Function and Fitness Function

Lagrangian Relaxation for the TSP with 1-tree

@ A 1-tree in a graph with vertices numbered from 1 to n is a tree on vertices 2 to n with 2 edges added
from vertex 1
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Objective Function and Fitness Function
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Problem Modelling Objective Function and Fitness Function

Lagrangian Relaxation for the TSP with 1-tree

@ A 1-tree in a graph with vertices numbered from 1 to n is a tree on vertices 2 to n with 2 edges added
from vertex 1

@ TSP modelling in terms of 1-tree
minz =3 ey dixij
St Yilix = 2 (i=1,...,n)
et Hisal-tree

@ Lagrangian relaxation:

minz(A) = 32 hen dixi  + 20 M3 x5 — 2)
S.it. Hisal-tree
@ The objective can be rewritten with modified distances dj; + A; + A;
@ For X known, the problem is to find a minimum 1-tree
@ z(\) provides a lower bound to the TSP tour
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Objective Function and Fitness Function
Lagrangian Relaxation for the TSP with 1-tree

A 1-tree in a graph with vertices numbered from 1 to n is a tree on vertices 2 to n with 2 edges added

from vertex 1
TSP modelling in terms of 1-tree
minz =3 ey dixij
St Yilix = 2 (i=1,...,n)
et Hisal-tree

Lagrangian relaxation:

minz(A) = 32 hen dixi  + 20 M3 x5 — 2)
St Hisal-tree
The objective can be rewritten with modified distances djj + Ai + ;
For X\ known, the problem is to find a minimum 1-tree
z(\) provides a lower bound to the TSP tour
If the 1-tree is not a tour for given A, the lasts can be modified
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Objective Function and Fitness Function
Lagrangian Relaxation for the TSP with 1-tree

@ A 1-tree in a graph with vertices numbered from 1 to n is a tree on vertices 2 to n with 2 edges added

from vertex 1
@ TSP modelling in terms of 1-tree
minz =3 ey dixij
St Yilix = 2 (i=1,...,n)
et Hisal-tree

@ Lagrangian relaxation:

minz(A) = 32 hen dixi  + 20 M3 x5 — 2)
St Hisal-tree
The objective can be rewritten with modified distances djj + Ai + ;
For X\ known, the problem is to find a minimum 1-tree
z(\) provides a lower bound to the TSP tour
If the 1-tree is not a tour for given A, the lasts can be modified
@ Increase )\; if the degree of vertex i is larger than 2
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Objective Function and Fitness Function
Lagrangian Relaxation for the TSP with 1-tree

@ A 1-tree in a graph with vertices numbered from 1 to n is a tree on vertices 2 to n with 2 edges added

from vertex 1
@ TSP modelling in terms of 1-tree
minz =3 ey dixij
St Yilix = 2 (i=1,...,n)
et Hisal-tree

@ Lagrangian relaxation:

minz(A) = 32 hen dixi  + 20 M3 x5 — 2)
St Hisal-tree
The objective can be rewritten with modified distances djj + Ai + ;
For X\ known, the problem is to find a minimum 1-tree
z(\) provides a lower bound to the TSP tour
If the 1-tree is not a tour for given A, the lasts can be modified

@ Increase )\; if the degree of vertex i is larger than 2
@ Decrease ), if the degree is 1
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Objective Function and Fitness Function
Applying the 1-tree relaxation on the TSP

©E.D. Taillard 2023

T

@ Left: 1-tree on the TSP instance tsp225 obtained with all \ values set to 0
@ Top right: the 1-tree obtained with the first modification of the A
@ Bottom right: the 1-tree obtained after iterating the process
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Problem Modelling Multi-Objectives Optimization

3.2 Multi-Objectives Optimization
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Multi-Objectives Models

K objectives

@ fi(s), ia(s), - . - fw(s)
@ The objectives are partially antagonist (price/time/durability)

“Minimize”:  f(s) = (f(s), ..., fk(s))
St seSs

@ A solution s; dominate a solution s; if s; is better than s, on one objective at least (it
can be worse than s, on the other objectives)
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Multi-Objectives Models

K objectives

@ fi(s), ia(s), - . - fw(s)
@ The objectives are partially antagonist (price/time/durability)

“Minimize”:  f(s) = (f(s), ..., fk(s))
St seSs

@ A solution s; dominate a solution s; if s; is better than s, on one objective at least (it
can be worse than s, on the other objectives)

@ A non-dominated solution is Pareto-optimal or efficient
@ A solution on the convex hull of the Pareto set is supported
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Example: Cheap and Short Path

@ Cost of the path
@ Duration of the path

Airport 2

200/45

110/50
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Representation of the solutions in a cost/time diagram

g
i= 350 - y
x Efficient and supported
¥ Efficient
300 - » Not efficient
250 -
200 > e * !
150 * *
100 . - . )
200 250 300 350 Cost
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Problem Modelling Multi-Objectives Optimization

Scalarizing

Reduce to a single-objective problem by assigning weights wy, ..., wk for each objective

K
Minimize : " w; - fi(s)
i=1
St seSs

Shortcoming: Unsupported effective solutions are not achievable
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Sub-goals to Reach

Minimize :  (s) = (f(s). ..., fx(s))
S.t. fl(s) < Vi
with se€ S
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Problem Modelling Practical Applications Modelled as Classical Problems

3.3 Practical Applications Modelled as Classical Problems
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Problem Modelling Practical Applications Modelled as Classical Problems

Industrial TSP Application: 3D-Printing

© Eric D. Taillard 2024 (HEIG-VD)
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3D-Printing

Improductive moves of the extrusion head
Solution obtained with PrusaSlicer and possible improvement by solving a TSP

7 T~ V

©E.D. Taillard 2023
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Problem Modelling Practical Applications Modelled as Classical Problems

Minimising unproductive moves in 3D printing

Representation of the printing of 2 segments withends a —cand e — g

@ Force the head to print the segment by introducing an intermediate node reasonably accessible only from the ends
of the segment

©F.D. Taillard 2023
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Problem Modelling Practical Applications Modelled as Classical Problems

Minimising unproductive moves in 3D printing

Representation of the printing of 2 segments withends a —cand e — g

@ Force the head to print the segment by introducing an intermediate node reasonably accessible only from the ends
of the segment

@ Pay a penalty (e.g. p = M/10) if we change the layer

©F.D. Taillard 2023
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Problem Modelling Practical Applications Modelled as Classical Problems

Minimising unproductive moves in 3D printing

Representation of the printing of 2 segments withends a —cand e — g

@ Force the head to print the segment by introducing an intermediate node reasonably accessible only from the ends
of the segment

@ Pay a penalty (e.g. p = M/10) if we change the layer

@ A Hamiltonian path (passing through all vertices) of minimum cost corresponds to the printing of all segments; all
segments of a layer are printed before moving to another layer; unproductive moves is minimized

©F.D. Taillard 2023
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Problem Modelling Practical Applications Modelled as Classical Problems

Linear Assignment Modelled by Minimum Cost Flow

What is the maximum number of pairs that can be formed between girls and boys?
A compatible pair is represented by an edge in a bipartite graph
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Practical Applications Modelled as Classical Problems
Map Labelling Modelled by Stable Set

@ Create as many vertices as there are possible positions for each object to label

@] -
.Lausanne

©E.D. Taillard 2023
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Practical Applications Modelled as Classical Problems
Map Labelling Modelled by Stable Set

@ Create as many vertices as there are possible positions for each object to label
@ Connect 2 incompatible vertices with an edge

@] e

.Lausanne

©E.D. Taillard 2023

SATITA®
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Chapter 4

Constructive Methods
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e Constructive Methods

...................................................................................... 90

@ Systematic Enumeration ... 9
@ Branch and Bound

@ Random BUildiNg............ooii e 97

@ Greedy AlQOrtNMS .. 101

@ Greedy Heuristics for the TSP
@ Greedy Heuristics for Graph Colouring
@ Improvement of Greedy Procedures..................c.ooooiiiii 109
@ Beam Search
@ Pilot Method

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 91/255



Constructive Methods Systematic Enumeration

4.1 Systematic Enumeration

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 92/255



Constructive Methods Systematic Enumeration

Systematic Enumeration

@ 0 — 1 knapsack instance with two constraints with n variables: has 2" potential solutions

maxr = 9x1 +5x +7x3 + 3x4 + x5
St 4X1 —|— 3X2 + 5X3 + 2X4 + X5

4x1 + 2x20 + 3x3 + 2x4 + X5

xi €{0,1}(i=1,...,5)

VANW/AN
~
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Constructive Methods Systematic Enumeration

Systematic Enumeration

@ 0 — 1 knapsack instance with two constraints with n variables: has 2" potential solutions

maxr = 9x1 +5x +7x3 + 3x4 + x5
St 4X1 —|— 3X2 + 5X3 + 2X4 + X5 g 10
4x1 +2x+3x3+2x+x5 <7
xi €{0,1}(i=1,...,5)

@ The solution can be enumerated by splitting the problem into two sub-problems

maxr= 0+4+5x +7x3+ 3xs + x5
S.t. 3x2 4+ 5x3 4+ 2x4 + x5

< 10
2x0+3x3+2x4+x5 < 7
x € {0,1}(i=2,...,5)
maxr= 9+5x+7x3+3xs + x5
S.t. 3 +5x3+2x4+x5 < 6
2% +3x3+2xa +x5 <3

x €{0,1}(i=2,...,5)
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Branch and Bound

Before separating, it is assessed whether the problem can potentially be solved by relaxing it
@ Integrity:

max$ = 9X1 + 5X2 + 7X3 + 3X4 + X5

St 4x1 +3x +5x3 +2x4 + x5

4x1 + 2x2 + 3x3 + 2x4 + X5

0<x <1(i=1,...,5)

N IN
~
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Branch and Bound

Before separating, it is assessed whether the problem can potentially be solved by relaxing it

@ Integrity:
max$ = 9X1 + 5X2 + 7X3 + 3X4 + X5
St 4x1 +3x +5x3 +2x4 + x5
4x1 + 2x2 + 3x3 + 2x4 + X5
0<x<1(i=1,...,5)

NN
~N =

@ Aggregation of constraints:

maxS = 9x;1 +5x+7x3+3x4 + X5
St. 8x1+5x+8x3+4xs+2x5 < 17
xi € {0,1}(i=1,...,5)
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Branch and Bound

Before separating, it is assessed whether the problem can potentially be solved by relaxing it

@ Integrity:
max S = 9X1 + 5X2 =+ 7X3 + 3X4 + X5

St. 4 +3x%+5x3+2xs+x5 < 10
dx1+2x+3x3+2x+x5 <7
0<x<1(i=1,...,5)
@ Aggregation of constraints:
maxS = 9x;1 +5x +7x3+3x4s + x5
St. 8x1+5x+8x3+4xs+2x5 < 17
xi € {0,1}(i=1,...,5)
@ Combination of relaxations:
maxS = 9x; +5x +7x3+3xs + x5
St. 8x1+5x+8x3+4xs+2x5 < 17

0<x<1(i=1,...,5)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025

94/255



Constructive Methods Systematic Enumeration

Policy Example of a Branch and Bound

@ @ manage as a stack

unfeasible

Pruned by 11 (1,0,1,0,0)

(1,1,0,0,1) unfeasible
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Constructive Methods Systematic Enumeration

Policy Example of a Branch and Bound

@ @ manage as a stack
@ Branching according to the order of the indices

unfeasible

Pruned by 11 (1,0,1,0,0)

(1,1,0,0,1) unfeasible
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Constructive Methods Systematic Enumeration

Policy Example of a Branch and Bound

@ @ manage as a stack
@ Branching according to the order of the indices
@ Constraint aggregation and variable integrity relaxation

unfeasible

Pruned by 11 (1,0,1,0,0)

(1,1,0,0,1) unfeasible

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025

95/255



Constructive Methods Systematic Enumeration

Branch and Bound Frame
Input: A problem with n variables xi, .. ., x,, policy « for managing sub-problems, relaxation method 3, branching method

v
Result: An optimal solution x* of maximal value value f*

1 f* 4+ —o0 /I Value of best solution found
2 F«—o /I Set of fixed variables
3 L+ {x1,...,xn} /I Set of free variables
4 Q<+« {(F,L)} /] Set of sub-problems to solve
5 while Q # @ do

6 Remove a problem P = (F, L) from Q according to policy «

7 if P can potentially have feasible solutions with values already fixed in F then

8 Compute a solution x to a relaxation of P with method 3, modifying only variables x, € L

9 if x is feasible for the initial problem and f* < f(x) then Store the improved solution

10 X* 4 x

1 f* «+ f(x)

12 else if f(x) > * then Expand the branch

13 Choose x, € L according to policy v

14 forall possible value v of x, do

16 L Q+ QU{(FU{xx =v}hH L\ {xx}}

17 else No solution better than x* can be obtained

18 | Prune the branch
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Constructive Methods Random Building

4.2 Random Building

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 97/255



Random Building

Idea
@ Draw a solution randomly, uniformly in the space of admissible solutions
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Random Building

Idea
@ Draw a solution randomly, uniformly in the space of admissible solutions
@ Benefit: One of the simplest methods
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@ Benefit: One of the simplest methods
@ Drawbacks
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@ Benefit: One of the simplest methods

@ Drawbacks
o A uniform construction is not necessarily easy to achieve

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025

98/255



Random Building

Idea
@ Draw a solution randomly, uniformly in the space of admissible solutions
@ Benefit: One of the simplest methods

@ Drawbacks

o A uniform construction is not necessarily easy to achieve
e The quality of the solution is poor
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Random Building

Idea
@ Draw a solution randomly, uniformly in the space of admissible solutions
@ Benefit: One of the simplest methods

@ Drawbacks

o A uniform construction is not necessarily easy to achieve
e The quality of the solution is poor

@ Example: Draw a random permutation of n elements
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Bad algorithm for constructing a random permutation (1)

Input: A set of nelements e, ..., e,
Result: A permutation p of the elements
171+0

// Number of element already chosen
2 while /i # ndo

3 Draw a random number v uniformly between 1 and n
4 if e, is not already chosen then

5 i+—i+1

6 L pi < €y
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Bad algorithm for constructing a random permutation (2)

Input: A set of nelements e,..., e,
Result: A permutation p of the elements
170 // Number of element already chosen

2 while i # ndo
3 Draw a random number v uniformly between 1 and n

4 i< i+1

5 if e, is already chosen then

6 Find the next v’ such that e, is not chosen
7 pi < ey

8 else

9 L pi < €y

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 100/255



Constructive Methods Greedy Algorithms

4.3 Greedy Algorithms
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Constructive Methods Greedy Algorithms

General idea of greedy methods

Imitating what works with Prim and Dijkstra
@ Construct a solution, element by element
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@ Add the element that seems most appropriate at each step
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@ Add the element that seems most appropriate at each step
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Constructive Methods Greedy Algorithms

General idea of greedy methods

Imitating what works with Prim and Dijkstra
@ Construct a solution, element by element

@ Add the element that seems most appropriate at each step
@ Do not question a choice

@ Example of elements that can be added to a solution

o A city for a travelling salesman
@ An edge for a travelling salesman or for a Steiner tree
o A vertex with a given colour for graph colouring
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Constructive Methods Greedy Algorithms

General idea of greedy methods

Imitating what works with Prim and Dijkstra
@ Construct a solution, element by element

@ Add the element that seems most appropriate at each step
@ Do not question a choice

@ Example of elements that can be added to a solution
o A city for a travelling salesman
@ An edge for a travelling salesman or for a Steiner tree
o A vertex with a given colour for graph colouring
o Orientation of an edge for graph colouring
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Constructive Methods Greedy Algorithms

General idea of greedy methods

Imitating what works with Prim and Dijkstra
@ Construct a solution, element by element

@ Add the element that seems most appropriate at each step
@ Do not question a choice

@ Example of elements that can be added to a solution

o A city for a travelling salesman

@ An edge for a travelling salesman or for a Steiner tree
o A vertex with a given colour for graph colouring

o Orientation of an edge for graph colouring

@ When adding an element e to a partial solution s, an incremental cost c(s, €) is taken
into account, and this can lead to restrictions on the elements that remain to be
added
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Greedy Algorithm

Input: A trivial partial solution s (generally @); set E of elements constituting a solution;
incremental cost function c(s, e)

Result: Complete solution s

1 R+ E

2 while R # o do

3 Ve € R, compute c(s, e)

4 | Choose €' optimizing c(s, ¢)

5 s+ sueé // Include €’ in the partial solution s

6 Remove from R the elements that cannot be added any more to s

/! Elements that can be added to s
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Greedy on the Edge Weight for the TSP

Same as Kruskal, but without allowing a vertex degree larger than 2
@ Element e to be added: an edge

° o —o —o e
O/OO ° MOO ° Mof G/V ﬁ

(&) ] (&) [©] (&)
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Greedy on the Edge Weight for the TSP

Same as Kruskal, but without allowing a vertex degree larger than 2
@ Element e to be added: an edge
@ Incremental cost: edge cost e

° o —o —o e
O/OO ° MOO ° Mof G/V MJ

(&) ] (&) [©] (&)
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Greedy on the Edge Weight for the TSP

Same as Kruskal, but without allowing a vertex degree larger than 2

@ Element e to be added: an edge
@ Incremental cost: edge cost e
@ Elements to remove: do not create degree 3 vertices or sub-cycles

° o —o —o s
A

(&) ]
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Nearest Neighbour for the TSP

Same as Prim, but the next vertex must be connected to the last one added
@ Start from any city

A S A A

@
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Nearest Neighbour for the TSP

Same as Prim, but the next vertex must be connected to the last one added
@ Start from any city
@ Element e to be added: a city

A S A A

@
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Nearest Neighbour for the TSP

Same as Prim, but the next vertex must be connected to the last one added
@ Start from any city
@ Element e to be added: a city
@ Incremental cost: edge cost to reach e from the last added city

A S A A

@
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Cheapest Insertion for the TSP

@ Start from a 2-city tour

oloqe o b

[S]
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Cheapest Insertion for the TSP

@ Start from a 2-city tour
@ Element e to be added: a city
@ Incremental cost: cost of a minimum detour to add e to the partial tour
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Cheapest Insertion for the TSP

@ Start from a 2-city tour

@ Element e to be added: a city

@ Incremental cost: cost of a minimum detour to add e to the partial tour
@ Choose the city with the lowest incremental cost

oloqe o DA

[S]
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Farthest Insertion for the TSP

@ Start from a 2-city tour
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Farthest Insertion for the TSP

@ Start from a 2-city tour
@ Element e to be added: a city
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Farthest Insertion for the TSP

@ Start from a 2-city tour
@ Element e to be added: a city
@ Incremental cost: cost of a minimum detour to add e to the partial tour

§ 444
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Farthest Insertion for the TSP

@ Start from a 2-city tour

@ Element e to be added: a city

@ Incremental cost: cost of a minimum detour to add e to the partial tour
@ Choose the city with the largest incremental cost

§ 444

&)
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DSATUR Heuristics for Graph Colouring

Idea: calculate the degree of saturation DS(v) of each vertex v (the number of different colours
used by adjacent vertices of v)
Input: Undirected graph G = (V, E);
Result: Vertex colouring
1 Colour with 1 the vertex v with the highest degree
2 R« V\v
3 colours + 1
4 while R # @ do
5 Vv € R, compute DS(v)
6 Choose v/ maximizing DS(v'), with the highest possible degree
7 Find the smallest k (1 < k < colours + 1) such that colour k is feasible for v/
8 Assign colour k to v/
9 if k > colours then
10 L colours = k

1 | R<R\V
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Constructive Methods Improvement of Greedy Procedures

4.4 Improvement of Greedy Procedures
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Constructive Methods Improvement of Greedy Procedures

Beam Search

Identical to an enumeration method, but avoid node number exponential growth
@ Select only the p best candidates at each level

Partial initial solution

Element added to the initial solution

p best candidates at level 1

p best candidates at level 2

©F.D. Taillard 2023

Best candidate at level k -/
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Constructive Methods Improvement of Greedy Procedures

Beam Search

Identical to an enumeration method, but avoid node number exponential growth
@ Select only the p best candidates at each level
@ Stop k levels below the last added element

Partial initial solution

Element added to the initial solution

p best candidates at level 1

p best candidates at level 2

©F.D. Taillard 2023

Best candidate at level k -/
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Constructive Methods Improvement of Greedy Procedures

Beam Search

Identical to an enumeration method, but avoid node number exponential growth
@ Select only the p best candidates at each level
@ Stop k levels below the last added element
@ Add the element that results in the best partial solution at the last level evaluated

Partial initial solution

Element added to the initial solution

p best candidates at level 1

p best candidates at level 2

©F.D. Taillard 2023

Best candidate at level k -/
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Pilot Method

Try all possibilities to complete a partial solution with one element, then launch a heuristic

method (pilot)
@ The pilot heuristic starts with various partial solutions

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 111/255



Pilot Method

Try all possibilities to complete a partial solution with one element, then launch a heuristic

method (pilot)
@ The pilot heuristic starts with various partial solutions
@ Run the pilot heuristic until complete solutions are obtained
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Pilot Method

Try all possibilities to complete a partial solution with one element, then launch a heuristic

method (pilot)

@ The pilot heuristic starts with various partial solutions
@ Run the pilot heuristic until complete solutions are obtained

@ The element to be added to the partial solution is the one that led to the best
complete solution
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Pilot Method: lllustration

Initial partial solution

ment added to the initial solution

Next partial solution

Pilot heuristic completion

©E.D. Taillard 2023

Best complete solution
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Pilot Method Algorithm

Input: s, trivial partial solution; set E of elements constituting a solution; pilot heuristic
h(s.) for completing a partial solution s,; fitness function f(s)
Result: Complete solution sx
R+ E /I Elements that can be added to s
while R # @ do
V < 00
forall e ¢ Rdo
Complete s, with e to get s,
Apply h(se) to get a complete solution s
if f(s) < vthen
v« f(s)
Sy ¢ Se
if s is better than s« then Store the improved solution
1 | sx<s

© 0o N o o b WO N =

=)
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Local Search

Chapter 5

Local Search
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Chapter Content

e Local Search

@ Local Search Frame ... 117
@ Policy of the first improving move
@ Best Move Policy
@ Local, Global Minima, Plateau
@ Neighbourhood Properties

@ Limiting the Neighbourhood Size ... ... 128
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@ Neighbourhood Extension ... 130

@ Filter and Fan
@ Ejection Chains
@ Multi-Objective Local Search ... 137
@ Scalarization
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Local Search

Local Search

General Idea
@ Start from a solution obtained with a constructive method

Successive improvements of a TSP solution with a 2-opt local search
Two edges are replaced by two others whose sum of lengths is smaller
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Local Search

Local Search

General Idea
@ Start from a solution obtained with a constructive method
@ Modify it locally to improve it

Successive improvements of a TSP solution with a 2-opt local search
Two edges are replaced by two others whose sum of lengths is smaller
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5.1 Local Search Frame

Input: Solution s, method modifying a solution

Result: Improved solution s
1 repeat
2 if there is a modification of s into s’ improving s then
3 L s« s

4 until no improvement of s is found
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s

Example of Moves for a TSP
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s

Example of Moves for a TSP
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s
@ When one moves from a solution s to a solution s’ € V(s), one performs a move m

Example of Moves for a TSP
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s
@ When one moves from a solution s to a solution s’ € V(s), one performs a move m

Example of Moves for a TSP
@ mis specified by a pair [/, j]
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s
@ When one moves from a solution s to a solution s’ € V(s), one performs a move m

Example of Moves for a TSP
@ mis specified by a pair [/, j]
@ Consists of replacing the edges [i, s;] and [}, s;] by the edges [/, ] and [s;, s;]
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s
@ When one moves from a solution s to a solution s’ € V(s), one performs a move m

Example of Moves for a TSP
@ mis specified by a pair [/, j]
@ Consists of replacing the edges [i, s;] and [}, s;] by the edges [/, ] and [s;, s;]
@ Set of 2-opt moves: M(s) = {[i,jl,i,j € s,i # j,j # si, i # sj}
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Neighbourhood Definition

For each solution s € S, define
@ V(s) C S a subset of neighbour solutions of s
@ Often, V(s) is defined by modifications brought to s
@ When one moves from a solution s to a solution s’ € V(s), one performs a move m

Example of Moves for a TSP
@ mis specified by a pair [/, j]
@ Consists of replacing the edges [i, s;] and [}, s;] by the edges [/, ] and [s;, s;]
@ Set of 2-opt moves: M(s) = {[i,jl,i,j € s,i # j,j # si, i # sj}
@ Definition of V(s) = {s'|s' =s@®& m,m € M(s),s € S}
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Local Search Local Search Frame

Policy of the first improving move

Input: Solution s, neighbourhood specification N(-), fitness function 7(-) to minimize.
Result: Improved solution s

1 forall s’ € N(s) do
2 if f(s") < f(s) then Move to s’, break the loop and initiate the next one
3 s« s
Algorithm Complexity
@ at most O(|S|) moves
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Local Search Local Search Frame

Policy of the first improving move

Input: Solution s, neighbourhood specification N(-), fitness function 7(-) to minimize.
Result: Improved solution s

1 forall s’ € N(s) do

2 L if f(s") < f(s) then Move to s’, break the loop and initiate the next one
3 s« s

Algorithm Complexity

@ at most O(|S|) moves
@ There is a finite number of solutions
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Local Search Local Search Frame

Policy of the first improving move

Input: Solution s, neighbourhood specification N(-), fitness function 7(-) to minimize.
Result: Improved solution s

1 forall s’ € N(s) do

2 L if f(s") < f(s) then Move to s’, break the loop and initiate the next one
3 s« s

Algorithm Complexity

@ at most O(|S|) moves

e There is a finite number of solutions
@ One goes from a solution to a strictly better one
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Local Search Local Search Frame

Policy of the first improving move

Input: Solution s, neighbourhood specification N(-), fitness function 7(-) to minimize.
Result: Improved solution s

1 forall s’ € N(s) do

2 L if f(s") < f(s) then Move to s’, break the loop and initiate the next one
3 s« s

Algorithm Complexity

@ at most O(|S|) moves

e There is a finite number of solutions
@ One goes from a solution to a strictly better one

@ The algorithm terminates after a time bounded by the number of solutions (in
practice: greatly overestimated)
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Local Search Local Search Frame

N o o b 0N =

8
9
0

1

Best Move Policy

Input: Solution s, neighbourhood specification N(-), fitness function f(-) to minimize.

Result: Improved solution s

repeat
end + true
best_neighbour _value + oo
forall s’ € N(s) do
if f(s") < best_neighbour_value then A better neighbour is found
best_neighbour _value + f(s’)
L best_neighbour < s’
if best_neighbour_value < f(s) then Move to the improved solution
s < best_neighbour
end <+ false
until end
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Local Search Local Search Frame

Local, Global Minima, Plateau

Solution obtained by local improvement method

@ Local optimum, not necessarily the best possible solution (global optimum)
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Local Search Local Search Frame

Local, Global Minima, Plateau

Solution obtained by local improvement method

@ Local optimum, not necessarily the best possible solution (global optimum)

@ The quality of a local optimum depends on the starting solution and the definition of the neighbourhood
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Neighbourhood: modify x by one unit
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Empirical Complexity of 2-opt Neighbourhood

Comparison between the best and first improvement
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3-opt Neighbourhood

Remplace 3 edges by 3 others

(i = si),(j = sj), (k — sk) replaced by: (i — s;),(j — sk), (k = s;)
Respects the visiting order of the cities on the other arcs, unlike 2-opt
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Or-opt Neighbourhood

Move sub-sequences of 3, 2 or 1 cities

©E.D. Taillard 2023
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Neighbourhood Properties

Connectivity Any feasible solution can reach at least one globally optimal solution

These properties are often antagonistic!
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Neighbourhood Properties

Connectivity Any feasible solution can reach at least one globally optimal solution
Low Diameter Not too many steps are needed to connect any 2 solutions

Low Ruggedness Fitness function value does not change too much from one solution to
its neighbour, few local optima

Small Size Not too many neighbour solutions should be evaluated
Fast Evaluation Fitness function evaluation of a neighbour solution must be fast
These properties are often antagonistic!
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Properties of 2-opt Neighbourhood

@ Connectivity: Easy to verify; in exercise

©E.D. Taillard 2023
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Properties of 2-opt Neighbourhood

@ Connectivity: Easy to verify; in exercise
@ Graph Diameter: O(n)
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Properties of 2-opt Neighbourhood

@ Connectivity: Easy to verify; in exercise

@ Graph Diameter: O(n)

@ Low Ruggedness: This criterion is not fulfilled for very asymmetric problems
A significant portion of the tour may be reversed by a 2-opt move
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Properties of 2-opt Neighbourhood

@ Connectivity: Easy to verify; in exercise

@ Graph Diameter: O(n)

@ Low Ruggedness: This criterion is not fulfilled for very asymmetric problems
A significant portion of the tour may be reversed by a 2-opt move
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Properties of 2-opt Neighbourhood

@ Connectivity: Easy to verify; in exercise

@ Graph Diameter: O(n)

@ Low Ruggedness: This criterion is not fulfilled for very asymmetric problems
A significant portion of the tour may be reversed by a 2-opt move

©E.D. Taillard 2023

@ Limited Size: O(n?)
@ Fast Evaluation: For symmetrical instances: a neighbour solution can be evaluated in constant time
Modification of a solution in O(n) (without a special data structure)
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Local Search Local Search Frame

Data structure to perform a 2-opt move in O(1)

A portion of the tour must be reversed in constant time
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Local Search Limiting the Neighbourhood Size

5.2 Limiting the Neighbourhood Size

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 128/255



Local Search Limiting the Neighbourhood Size

Limiting the Neighbourhood Size: Candidate List

Idea: do not consider all neighbour solutions, but only a potentially interesting subset

Example for the Euclidean TSP: restrict to the edges contained in a Delaunay
triangulation
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Local Search Neighbourhood Extension

5.3 Neighbourhood Extension
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Local Search Neighbourhood Extension

Neighbourhood Extension

@ A simple neighbourhood, such as 2-opt for the TSP, has many local optima from
which it is difficult to escape
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@ The changes made to the solution only marginally alter its structure
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Neighbourhood Extension

@ A simple neighbourhood, such as 2-opt for the TSP, has many local optima from
which it is difficult to escape

@ The changes made to the solution only marginally alter its structure

@ Using a larger neighbourhood (4-opt, 5-opt) the computational effort becomes
prohibitive
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Neighbourhood Extension

@ A simple neighbourhood, such as 2-opt for the TSP, has many local optima from
which it is difficult to escape

@ The changes made to the solution only marginally alter its structure

@ Using a larger neighbourhood (4-opt, 5-opt) the computational effort becomes
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@ It is not necessarily obvious how to define more complicated neighbourhoods
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Neighbourhood Extension

@ A simple neighbourhood, such as 2-opt for the TSP, has many local optima from
which it is difficult to escape

@ The changes made to the solution only marginally alter its structure

@ Using a larger neighbourhood (4-opt, 5-opt) the computational effort becomes
prohibitive

@ It is not necessarily obvious how to define more complicated neighbourhoods

@ How to extend a simple neighbourhood to make more significant changes to the
solution
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Neighbourhood Extension

@ A simple neighbourhood, such as 2-opt for the TSP, has many local optima from
which it is difficult to escape

@ The changes made to the solution only marginally alter its structure

@ Using a larger neighbourhood (4-opt, 5-opt) the computational effort becomes
prohibitive

@ It is not necessarily obvious how to define more complicated neighbourhoods

@ How to extend a simple neighbourhood to make more significant changes to the
solution

@ Without increasing the complexity too much?
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Local Search Neighbourhood Extension

Neighbourhood Extension: Filter and Fan

Idea: Beam search adapted to the case of neighbourhood evaluation

@ Evaluate the solution set of a simple neighbourhood

Starting solution

Moves applied to the starting solution

p best neighbours at level 1
p best neighbours at level 2

Level k

©FE.D. Taillard 2023

Best solution visited: Starting solution for the next step
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Local Search Neighbourhood Extension

Neighbourhood Extension: Filter and Fan

Idea: Beam search adapted to the case of neighbourhood evaluation
@ Evaluate the solution set of a simple neighbourhood
@ Examine neighbours of neighbours, etc. up to a certain depth

Starting solution Moves applied to the starting solution

p best neighbours at level 1
p best neighbours at level 2

Level k

©FE.D. Taillard 2023

Best solution visited: Starting solution for the next step
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Local Search Neighbourhood Extension

Neighbourhood Extension: Filter and Fan

Idea: Beam search adapted to the case of neighbourhood evaluation
@ Evaluate the solution set of a simple neighbourhood
@ Examine neighbours of neighbours, etc. up to a certain depth
@ Avoid exponential growth in the number of solutions by filtering at each stage

Starting solution Moves applied to the starting solution

p best neighbours at level 1
p best neighbours at level 2

Level k

©FE.D. Taillard 2023

Best solution visited: Starting solution for the next step
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Local Search Neighbourhood Extension

Neighbourhood Extension: Ejection Chains

New reference structure

New tour
o0, Tard 2023
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure
e The edge [b, d] must not have been previously deleted during the ejection chain
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure

e The edge [b, d] must not have been previously deleted during the ejection chain
e The weight of the reference structure must be smaller than that of the starting tour
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure

e The edge [b, d] must not have been previously deleted during the ejection chain

e The weight of the reference structure must be smaller than that of the starting tour

e Ejecting the edge [c, d] (not previously added during the ejection chain) results in the
same situation as before
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure

e The edge [b, d] must not have been previously deleted during the ejection chain

e The weight of the reference structure must be smaller than that of the starting tour

e Ejecting the edge [c, d] (not previously added during the ejection chain) results in the
same situation as before

@ Stop of the Propagation
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure
e The edge [b, d] must not have been previously deleted during the ejection chain
e The weight of the reference structure must be smaller than that of the starting tour
e Ejecting the edge [c, d] (not previously added during the ejection chain) results in the
same situation as before
@ Stop of the Propagation
e There is no longer a suitable [b, d] or [c, d] edges
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Local Search Neighbourhood Extension

Ejection Chains

@ Chain Initialization: Eject an edge [a, b] to get a path
@ Chain Propagation: Insert an edge [b, d] to obtain a reference structure
e The edge [b, d] must not have been previously deleted during the ejection chain
e The weight of the reference structure must be smaller than that of the starting tour
e Ejecting the edge [c, d] (not previously added during the ejection chain) results in the
same situation as before
@ Stop of the Propagation

e There is no longer a suitable [b, d] or [c, d] edges
e The tour obtained by adding the edge [a, c] is shorter than the starting tour

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 134/255



Lin-Kernighan Neighbourhood for the TSP

D9

Initial solution Path Structure 1
Structure 2 Structure 3 Accepted solution

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 135/255



Ejection Chain for the TSP

1

2
3
4

© ©o Ny o O

Input: TSP Solution s
Result: Improved solution s

repeat

© Eric

Eject edge [a, b] to initiate the chain
repeat
Find the edge [b, d] to add, minimizing the reference structure weight, with [c, d] not has been removed in the

current ejection chain

else
Add edge [b, d]
Remove edge [c, d]
b+ c

else
L Ejection failure: come back to s and try another ejection

until s improved or no edge [b, d] exists
15 until all edges of s have vainly initiated a chain

Taillard 2024 (HEIG-VD)

if Edge [b, d] found and reference structure weight smaller than tour s then
if Adding [a, c] and removing [c, d] improve the tour then
| Success: Replace solution s by the new discovered tour

Heuristic Design

April 3, 2025
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Local Search Multi-Objective Local Search

5.4 Multi-Objective Local Search
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Multi-Objective Local Search: Iterative Scalarizations

Input: Solution s, neighbourhood N(-), objective functions ?(-) to minimize; parameter /max
Result: Approximation P of the Pareto set

1 P=s

2 for Imax iterations do

3 Randomly draw a weight vector w

4 repeat

5 end < true

6 best_neighbour_value < oo

7 forall s’ € N(s) do

8 if s’ is not dominated by solutions of P then
9 L Insert s” in P and remove the solutions of P dominated by s’
10 it w- ?(s’) < best_neighbour_value then
11 best_neighbour _value < W - ?(s’)

12 best_neighbour < s’

13 if best_neighbour_value < W - ?(s) then

14 s < best_neighbour

15 | end « false
16 | until end
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Local Search Multi-Objective Local Search

\Szting solution
#Third local optimum
Local search trajectory

Three steps of \\ M ,/Solutlons improving Pareto set

iterative

. . \ \‘ Pareto set after 200 scalarizations
scalarizations

Objective 2

\
LSecond local optlmum
Objective 1 \\‘*-\
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Pareto Local Search

Neighbourhood_evaluation
Input: Solution s; neighbourhood N(-) objective functions ?(-)
Result: Approximation of Pareto set P completed with neighbours of s
1 forall s € N(s) do
2 L Update Pareto(s’, ?(s’))

3 Update_Pareto

Input: Solution s, objective values vV

Result: Updated Pareto set P
a if (s, V) either dominates a solution of P or P = () then
5 From P, remove all the solutions dominated by (s, V)
6 P+« PU(s, V)

7 Neighbourhood evaluation(s)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025
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Local Search Multi-Objective Local Search

Removal of a Dominated Element and Replacing it in a KD-Tree

New element of cost 287 and time 152, dominating element 298/217

Cost 286/227
225/347 298/217 Time [225/347] [307/147]
N AN
(235/247) | 307/147}"::’ Cost [235/247]  [319/137] 287/152
(gss24r] (8 Zz N~ 7 <z

(363/135)  Time 363/135

©E.D. Taillard 2023

(395/120] [319/1 é7] Cost
Z N~ Z
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Decomposition Methods

Chapter 6

Decomposition Methods
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Decomposition Methods Consideration on the Problem Size

6.1 Consideration on the Problem Size

Class Typical Approach Size
Toy Exhaustive Enumeration n~10
Small Implicit Enumeration 10 < n S 102
Standard Metaheuristics 102 < n g 10
Large Decomposition Methods 10% < n S 107
Huge Big data n > 107 elements
© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025
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Decomposition Methods Recursive Algorithms

6.2 Recursive Algorithms

@ Solving the problem directly requires a more than linear computational effort,
otherwise a decomposition only makes sense for a parallel calculation

Investigate the relevance of a recursive approach with the general recurrence theorem
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Decomposition Methods Recursive Algorithms

6.2 Recursive Algorithms

@ Solving the problem directly requires a more than linear computational effort,
otherwise a decomposition only makes sense for a parallel calculation

@ The pieces must be able to be processed independently of each other

Investigate the relevance of a recursive approach with the general recurrence theorem
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Decomposition Methods Recursive Algorithms

6.2 Recursive Algorithms

@ Solving the problem directly requires a more than linear computational effort,
otherwise a decomposition only makes sense for a parallel calculation

@ The pieces must be able to be processed independently of each other

@ The assembly of the pieces must be of a lower complexity than solving the problem
directly

Investigate the relevance of a recursive approach with the general recurrence theorem
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Decomposition Methods Recursive Algorithms

Master Theorem for Divide-and-Conquer

Problem of size n split into b parts; among them, a are recursively solved

Find the solution of the fonctional equation T(n) = a- T(n/b) + f(n)

@ If f(n) = O(n'&(2)=) then T (n) = ©(n'°8:(2))

@ If f(n) = ©(n'8+(2), then T(n) = ©(n"8:(2) . Jog n)

o If f(n) = Q(n"8x(a+€) and if a- f(n/b) < c - f(n) with ¢ < 1, constant, then
T(n) = ©(f(n))

Examples
Dichotomous search a = 1,b =2, f(n) = O(n"&(1)) = ©(1) = T(n) = O(log n)
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Decomposition Methods Recursive Algorithms

Master Theorem for Divide-and-Conquer

Problem of size n split into b parts; among them, a are recursively solved

Find the solution of the fonctional equation T(n) = a- T(n/b) + f(n)

@ If f(n) = O(n'&(2)=) then T (n) = ©(n'°8:(2))

@ If f(n) = ©(n'8+(2), then T(n) = ©(n"8:(2) . Jog n)

o If f(n) = Q(n"8x(a+€) and if a- f(n/b) < c - f(n) with ¢ < 1, constant, then
T(n) = ©(f(n))

Examples
Dichotomous search a = 1,b =2, f(n) = O(n"&(1)) = ©(1) = T(n) = O(log n)
Merge Sort a=2,b=2,f(n) =0©(n) = T(n) = ©(nlog n)
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Decomposition Methods Recursive Algorithms

Master Theorem for Divide-and-Conquer

Problem of size n split into b parts; among them, a are recursively solved

Find the solution of the fonctional equation T(n) = a- T(n/b) + f(n)

@ If f(n) = O(n'&(2)=) then T (n) = ©(n'°8:(2))

@ If f(n) = ©(n'8+(2), then T(n) = ©(n"8:(2) . Jog n)

o If f(n) = Q(n"8x(a+€) and if a- f(n/b) < c - f(n) with ¢ < 1, constant, then
T(n) = ©(f(n))

Examples
Dichotomous search a = 1,b =2, f(n) = O(n"&(1)) = ©(1) = T(n) = O(log n)
Merge Sort a=2,b=2,f(n) =0©(n) = T(n) = ©(nlog n)
Query in a 2D-Tree
a=2,b=4,f(n)=0(1) = O(n'es(2)=¢) = O(n®>-0%) — T(n) = ©(y/n)
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Decomposition Methods Low Complexity Constructive Methods

6.3 Low Complexity Constructive Methods
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Decomposition Methods Low Complexity Constructive Methods

First Decomposition Level

Assumption: not all elements of a problem are related to all others
@ Idea: create a subset of the possible relationships between elements

(a) Complete set (b) Sample (c) Centers (d) Clusters

&
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Decomposition Methods Low Complexity Constructive Methods

First Decomposition Level

Assumption: not all elements of a problem are related to all others

@ Idea: create a subset of the possible relationships between elements
@ Limit the number of relationships for each element

(a) Complete set (b) Sample (c) Centers (d) Clusters

&
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Decomposition Methods Low Complexity Constructive Methods

Second Decomposition Level

©£.D. Taillard 2023
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Decomposition Methods Low Complexity Constructive Methods

Clustering for Creating Relationships

@ Create ©(y/n) groups of approximately the same size (e.g. with a modifiAed and
accelerated PAM algorithm; this can be done with empirical complexity O(n%/2))
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Decomposition Methods Low Complexity Constructive Methods

Clustering for Creating Relationships

@ Create ©(y/n) groups of approximately the same size (e.g. with a modifiAed and
accelerated PAM algorithm; this can be done with empirical complexity O(n%/2))

@ Two centres ¢; and ¢; are related if they are the nearest and second nearest centres
of an element
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Decomposition Methods Low Complexity Constructive Methods

Clustering for Creating Relationships

@ Create ©(y/n) groups of approximately the same size (e.g. with a modified and
accelerated PAM algorithm; this can be done with empirical complexity O(n%/2))

@ Two centres ¢; and ¢; are related if they are the nearest and second nearest centres
of an element

@ Assuming that a centre is only related to O(1) other centres and that the groups have
only O(n) elements, we can construct in O(n®/?) proximity relations between the n
entities
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Decomposition Methods Low Complexity Constructive Methods

Clustering for Creating Relationships

@ Create ©(y/n) groups of approximately the same size (e.g. with a modified and
accelerated PAM algorithm; this can be done with empirical complexity O(n%/2))

@ Two centres ¢; and ¢; are related if they are the nearest and second nearest centres
of an element

@ Assuming that a centre is only related to O(1) other centres and that the groups have
only O(n) elements, we can construct in O(n®/?) proximity relations between the n
entities

@ We can exploit these relations in a greedy constructive method to obtain a solution in
O(n3/2)
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Decomposition Methods Low Complexity Constructive Methods

Recursive Construction for the TSP

@ Create a tour on a sample of r cities

©E.D. Taillard 2023
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Decomposition Methods Low Complexity Constructive Methods

Recursive Construction for the TSP

@ Create a tour on a sample of r cities
@ Insert the remaining cities in any order after the nearest sample city

©E.D. Taillard 2023
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Decomposition Methods Low Complexity Constructive Methods

Recursive Construction for the TSP

@ Create a tour on a sample of r cities
@ Insert the remaining cities in any order after the nearest sample city
@ If the path between 2 cities in the sample contains too many cities, decompose it recursively

©E.D. Taillard 2023
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Decomposition Methods Low Complexity Constructive Methods

Recursive Construction for the TSP

@ Create a tour on a sample of r cities

@ Insert the remaining cities in any order after the nearest sample city

@ If the path between 2 cities in the sample contains too many cities, decompose it recursively
@ Otherwise, optimize it with a good quality method

©E.D. Taillard 2023
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Decomposition Methods Local Search for Large Instances

6.4 Local Search for Large Instances
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Decomposition Methods Local Search for Large Instances

Large Neighbourhood Search(LNS)

General Idea
@ Destroy part of the solution

lllustration for a vehicle routing problem

E
a
©

(a) Initial solution (b) Destroyed solution (c) Repaired solution
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Decomposition Methods Local Search for Large Instances

Large Neighbourhood Search(LNS)

General Idea
@ Destroy part of the solution
@ Rebuild it by trying to do better

lllustration for a vehicle routing problem

E
a
©

(a) Initial solution (b) Destroyed solution (c) Repaired solution
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Large Neighbourhood SearchFrame

Input: Solution s, destroy method d(-), repair method r(-), acceptance criterion a(-, -)
Result: Improved solution s*

1 5%« s

2 repeat

3 | s« r(d(s))

4 if a(s,s’) then

5 L s+ s

6 if s’ better than s* then
7 L s* &

8 until a stopping criterion is satisfied
@ Example of adaptation: d(-) consists in choosing a small subset of variables
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Large Neighbourhood SearchFrame

Input: Solution s, destroy method d(-), repair method r(-), acceptance criterion a(-, -)
Result: Improved solution s*

1 5%« s

2 repeat

3 | s« r(d(s))

4 if a(s,s’) then

5 L s+ s

6 if s’ better than s* then
7 L s* &

8 until a stopping criterion is satisfied
@ Example of adaptation: d(-) consists in choosing a small subset of variables
@ r(-) finds a local (or global) optimum by changing only the variables chosen by d(-)
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Large Neighbourhood SearchFrame

Input: Solution s, destroy method d(-), repair method r(-), acceptance criterion a(-, -)
Result: Improved solution s*

1 5%« s

2 repeat

3 | s« r(d(s))

4 if a(s,s’) then

5 L s+ s

6 if s’ better than s* then
7 L s* &

8 until a stopping criterion is satisfied
@ Example of adaptation: d(-) consists in choosing a small subset of variables
@ r(-) finds a local (or global) optimum by changing only the variables chosen by d(-)
@ a(s,s’): f(s') < f(s)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 154/255



Decomposition Methods Local Search for Large Instances

Local Improvements for a Centroid Clustering Problem

Independent parts
@ Optimizing 2 very distant

groups independently cannot [, ?
bring benefits i

£.D. Taillard 2023

©
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Decomposition Methods Local Search for Large Instances

Local Improvements for a Centroid Clustering Problem

Independent parts

@ Optimizing 2 very distant

groups independently cannot [;
bring benefits b

@ Choose a seed centre and a
number of centres that are
closest to it

]
T
&
a
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Decomposition Methods Local Search for Large Instances

Local Improvements for a Centroid Clustering Problem

@ Optimizing 2 very distant
groups independently cannot
bring benefits

@ Choose a seed centre and a
number of centres that are
closest to it

@ Optimize the position of these
centres by considering the
entities attached to them as an
independent sub-problem

© Eric D. Taillard 2024 (HEIG-VD)
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Decomposition Methods Local Search for Large Instances

Local Improvements for a Centroid Clustering Problem

Independent parts
@ Optimizing 2 very distant
groups independently cannot [,)
bring benefits
@ Choose a seed centre and a
number of centres that are
closest to it
@ Optimize the position of these
centres by considering the
entities attached to them as an
independent sub-problem

@ Repeat with other seed-centres

g
®
&
a
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POPMUSIC Frame

Input: Initial solution s composed of g disjoint parts si, ..., s;; sub-problem improvement
method

Result: Improved solution s
1 U={s,...,54}
2 while U # @ do
Select s, € U // s,: Seed part
Build a sub-problem R composed of the r parts of s the closest to s,
Tentatively optimize R
if R is improved then
Update s
From U, remove the part no longer belonging to s
In U, insert the parts composing R
else R not improved
| Remove s, from U

o © 00 N O O b~ W

-
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lllustration of POPMUSIC for the VRP

@ The clients of a tour define
a part
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lllustration of POPMUSIC for the VRP

@ The clients of a tour define
a part

@ The proximity of the parts
is measured by the
distance of their centre of
gravity
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POPMUSIC for Map Labelling

@ A partis an object to
be labelled (here: 4
possible positions for
the label of each
object)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 158/255



POPMUSIC for Map Labelling

@ A partis an object to
be labelled (here: 4
possible positions for
the label of each
object)

@ Two objects are at a
distance of 1 if their
labels can overlap
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POPMUSIC for the TSP

@ Decompose the tour into sub-paths with approximately r cities

g
®
B
-]
°

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 159/255



POPMUSIC for the TSP

@ Decompose the tour into sub-paths with approximately r cities
@ Optimize each sub-path with a good method

g
®
8
5
°
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POPMUSIC for the TSP

@ Decompose the tour into sub-paths with approximately r cities
@ Optimize each sub-path with a good method
@ Repeat, shifting the sub-paths by r/2 cities

g
®
B
-]
°
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Empirical Complexity of POPMUSIC

© Eric

® 10°

=

o o

w >
L

Computational time
=
o

10t |
o =
100 | ° -
° -

10-1 //’ ————— Initial solution

1 e_~ Fast POPMUSIC(225)
10723 | Nearest Neighbour

/’)'(// 1-level recursion
103 e POPMUCIC(50)
10_4 LB R | g LB AL | LB L | LB R | g LB AL | T

102 103 10* 10° 108 107 108 109
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Solution Quality for the TSP with Toroidal Distances

Fluctuations are due to the number of recursion levels
The sub-path optimization method provides solutions about 4% above the optimum

©E.D. Taillard 2023

N
o
!

% above optium
o

-
o
!

B |nitial solution

5 + Fast POPMUSIC

v Nearest neighbour
1-level recursion

\

0 S —
102 103 10* 10° 10° 107 108 10° 1010

Number of cities
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Randomized Methods

Chapter 7
Randomized Methods
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Randomized Methods Simulated Annealing

7.1 Simulated Annealing
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Randomized Methods Simulated Annealing

Annealing and Quenching Physical Processes

Viscuous state

Slow cooling

Annealing
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Cristalline state Polycristalline or amorphous state
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Randomized Methods Simulated Annealing

Analogy with the metallurgical annealing process

@ By rapidly cooling a molten metal, an amorphous structure is obtained

Idea of Simulated Annealing
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Analogy with the metallurgical annealing process

@ By rapidly cooling a molten metal, an amorphous structure is obtained

@ By slowly cooling the metal, a crystalline structure is obtained

@ The crystal structure is that which minimizes the internal energy of the of the metal
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@ The particles are in a stable state
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Randomized Methods Simulated Annealing

Analogy with the metallurgical annealing process

@ By rapidly cooling a molten metal, an amorphous structure is obtained

@ By slowly cooling the metal, a crystalline structure is obtained

@ The crystal structure is that which minimizes the internal energy of the of the metal
@ The amorphous structure corresponds to a local minimum of energy

@ The particles are in a stable state

@ They do not have enough energy to change to another stable state with less energy

Idea of Simulated Annealing

@ Make the analogy between the internal energy of a metal and the fitness function of a
problem to be minimized
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Randomized Methods Simulated Annealing

Analogy with the metallurgical annealing process

@ By rapidly cooling a molten metal, an amorphous structure is obtained

@ By slowly cooling the metal, a crystalline structure is obtained

@ The crystal structure is that which minimizes the internal energy of the of the metal
@ The amorphous structure corresponds to a local minimum of energy

@ The particles are in a stable state

@ They do not have enough energy to change to another stable state with less energy

Idea of Simulated Annealing

@ Make the analogy between the internal energy of a metal and the fitness function of a
problem to be minimized

@ Particles move randomly

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 166/255



Randomized Methods Simulated Annealing

Analogy with the metallurgical annealing process

@ By rapidly cooling a molten metal, an amorphous structure is obtained

@ By slowly cooling the metal, a crystalline structure is obtained

@ The crystal structure is that which minimizes the internal energy of the of the metal
@ The amorphous structure corresponds to a local minimum of energy

@ The particles are in a stable state

@ They do not have enough energy to change to another stable state with less energy

Idea of Simulated Annealing

@ Make the analogy between the internal energy of a metal and the fitness function of a
problem to be minimized

@ Particles move randomly
@ Allow degrading moves with a certain probability
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Simulated Annealing Frame

Input: Initial solution s; fithess function f to minimize; neighbourhood structure M,
parameters Tinit, Tend < Timrand 0 < a < 1

Result: Modified solution s

T < Tipjt

while T > T.,4 do

Randomly generate m e M

A=f(s®m)—f(s)

Randomly generate 0 < u < 1

if A <0ore2/T > ythen mis accepted

L S<sdm

| T«a-T

0 N O O A~ WD =

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 167/255



Randomized Methods Simulated Annealing

Evolution of a TSP Tour Length and Temperature

©£.0. Tallard 2023

Tour length

Solution improvements

-

Temperature (x100)

lterations
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7.2 Threshold Accepting

@ Observation: the computation of exponentials can take most of the computational
effort of simulated annealing
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@ Accept this move if it degrades the solution by less than a certain threshold
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7.2 Threshold Accepting

@ Observation: the computation of exponentials can take most of the computational
effort of simulated annealing

@ Draw a random move
@ Accept this move if it degrades the solution by less than a certain threshold

@ Start again, gradually lowering the threshold
@ Threshold values:
e Start by making random moves
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7.2 Threshold Accepting

@ Observation: the computation of exponentials can take most of the computational
effort of simulated annealing

@ Draw a random move
@ Accept this move if it degrades the solution by less than a certain threshold
@ Start again, gradually lowering the threshold

@ Threshold values:

e Start by making random moves
e Estimate the distribution function of the differences in values A between neighbour
solutions
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Threshold Accepting Frame

Input: Initial solution s; fitness function f to minimize; neighbourhood structure M,
parameters T, R, 1,...71
Result: Solution s*

15« s
2 fortfrom1lto T do
3 for R iterations do
4 Randomly generate m € M
5 if (s ® m) — f(s) < 7 then the move m is accepted
6 S<sdm
7 if f(s) < f(s*) then
8 L s¥ <« s
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Randomized Methods Threshold Accepting

Technique for determining thresholds 71, ... 77

A Proportion of |A| < x %
1 E
F
0.8
N ‘ .
=0 ™ T A max
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7.3 Great Deluge

@ Draw a random move

% if
T i il H I
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7.3 Great Deluge

@ Draw a random move
@ Accept this move if it leads to a solution better than a certain level

® | L& ‘t ‘
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7.3 Great Deluge

@ Draw a random move
@ Accept this move if it leads to a solution better than a certain level
@ Start again by gradually increasing the level (for a function to be maximized)

. |
Il Hn i il H Hm
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Great Deluge Frame

Input: Solution s, fitness function f to maximize, neighbourhood structure M, parameters
Land P

Result: s*
1 s s
2 while f(s) > Ldo

3 Generate a random move m € M
4 if f(s® m) > L then

5 S<Ssdm

6 if f(s) < f(s*) then

7 s¥ <« s

8 L+~ L+ P
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7.4 Demon Algorithm

@ Simulate a player caught by the game demon

In terms of optimization process: navigate randomly through the solution space, but never
visiting a solution worse than the best one found, increased by a certain threshold
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7.4 Demon Algorithm

@ Simulate a player caught by the game demon
@ The player enters the casino with a certain amount
@ As long as he has credit, the player bets

@ There has a gain if a random move improves the current solution (which becomes the
new current solution)

@ There is a loss if it degrades the current solution
@ He cannot bet if the degradation is too great (the current solution is not modified)

@ If the player’s credit exceeds a certain threshold, he blows the amount that exceeds
this threshold

In terms of optimization process: navigate randomly through the solution space, but never
visiting a solution worse than the best one found, increased by a certain threshold
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Demon Algorithm Frame

Input: Solution s, fitness function f to minimize, neighbourhood structure M, parameters
Imaxa D) Dmax

Result: s*

15«5

2 for I,.x iterations do

3 Randomly generate a move m € M

4 A=f(s®m)—f(s)

5 if A < D then

6

7

8

D+ D-A
if D > D,,.x then
L D <« Dmax
9 S<sdm
10 if f(s*) > f(s) then
1 | s* s
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7.5 Noising Methods

Conceptually, the above methods are very similar
The noising methods group them into a more general frame

@ Choose a sequence of distribution functions Noise, with (usually) standard deviations
such that : o(Noisext1) < o(Noisey)
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@ Frame : Similar to an improvement method
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@ Choose a sequence of distribution functions Noise, with (usually) standard deviations
such that : o(Noisext1) < o(Noisey)
@ At iteration k, add a random noise distributed according to the function Noise :

e Either to the problem date
@ Or to the move evaluation

@ Frame : Similar to an improvement method
@ The noise functions can be chosen dynamically during the iterations

@ Countless variants can be implemented depending on how the noise functions are
chosen
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7.5 Noising Methods

Conceptually, the above methods are very similar
The noising methods group them into a more general frame

@ Choose a sequence of distribution functions Noise, with (usually) standard deviations
such that : o(Noisext1) < o(Noisey)
@ At iteration k, add a random noise distributed according to the function Noise :

e Either to the problem date
@ Or to the move evaluation

@ Frame : Similar to an improvement method
@ The noise functions can be chosen dynamically during the iterations

@ Countless variants can be implemented depending on how the noise functions are
chosen

@ With appropriate choices one can implement simulated annealing, threshold
accepting or a great deluge algorithms
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Noising Methods Frame

Input: Solution s, fitness function f to minimize, neighbourhood structure M, parameters
Imax, noise(i)

Result: s*

1 5%« s

2 foralliecl... /,., do

3 Randomly generate a move m € M

4 if f(s ® m) + noise(i) < f(s) then

5 S<sdm

6 if f(s) < f(s*) then

7 L ¥+ s
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Randomized Methods Noising Methods

Evolution of Noise Distribution as a Function of lteration Number

A

ard 2023

©E.D. Taill

Noise level distribution

: ——————

Iterations
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7.6 Late Acceptance Hill Climbing

Input: Solution s, fitness function f to minimize, neighbourhood structure M, parameters h,
stopping criterion
Result: Improved solution s
1 forke0...h—1do
2 L Ly + f(S)
3i+0
4 repeat
5 Randomly select a move m € M
6 if f(s®&m)<Ljorf(s®m)<f(s)then
7 | se<sam
8 if f(s) < L; then
9 L L; < f(S)
0 i+ (i+1) modh
1 until The stopping criterion is satisfied
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7.7 Variable Neighbourhood Search(VNS)

@ Use several neighbourhoods

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 180/255



7.7 Variable Neighbourhood Search(VNS)

@ Use several neighbourhoods
@ Perform a random modification of the current solution with a neighbourhood

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 180/255



7.7 Variable Neighbourhood Search(VNS)

@ Use several neighbourhoods
@ Perform a random modification of the current solution with a neighbourhood
@ Find the associated local optimum for a given neighbourhood

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025

180/255



7.7 Variable Neighbourhood Search(VNS)

@ Use several neighbourhoods

@ Perform a random modification of the current solution with a neighbourhood
@ Find the associated local optimum for a given neighbourhood

@ If this optimum is better, it replaces the current solution
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7.7 Variable Neighbourhood Search(VNS)

@ Use several neighbourhoods

@ Perform a random modification of the current solution with a neighbourhood
@ Find the associated local optimum for a given neighbourhood

@ If this optimum is better, it replaces the current solution

@ Otherwise, start again using a different neighbourhood for the random jump
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7.7 Variable Neighbourhood Search(VNS)

Use several neighbourhoods

Perform a random modification of the current solution with a neighbourhood
Find the associated local optimum for a given neighbourhood

If this optimum is better, it replaces the current solution

Otherwise, start again using a different neighbourhood for the random jump

In general, neighbourhoods are increasingly disrupting the current solution
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Randomized Methods Variable Neighbourhood Search

Variable Neighbourhood SearchFrame

Input: Solution s, fitness function 7 to minimize, neighbourhood structures M; . ..

Result: s*
1 5%« s
2 k+1
3 while k < pdo

Randomly generate a move m € My

S<s®m

Find the local optimum s’ associated with s in neighbourhood M;
if f(s') < f(s*) then

st ¢

k+1

else

s+ s*
k+— k+1
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7.8 GRASP(Greedy Randomized Adaptive Search Procedure)

@ Build a solution in a greedy but non-deterministic way
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7.8 GRASP(Greedy Randomized Adaptive Search Procedure)

@ Build a solution in a greedy but non-deterministic way

@ Randomly select the new element completing the partial solution from a fraction of
those that cost the least

@ Apply a local search on the constructed solution
@ Repeat this /.« times
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GRASP Frame

Input: Set E of elements constituting a solution; incremental cost function c(s, e); fitness function f to
minimize, parameters /.., and 0 < « < 1, improvement method local _search
Result: Complete solution s*

1 "+ o0

2 for /.« iterations do

3 Initialize s to a trivial partial solution

4 R+ E /I Elements that can be added to s
5 while R # o do

6 Find cmin = minecr c(s, €) and cpax = maxecr c(s, €)

7 Choose randomly, uniformly ¢’ € R such that cmin < (s, €’) < Cmin + a(Cmax — Cmin)

8 s«<suUe /I Include €’ in the partial solution s
9 Remove from R the elements that cannot be added any more to s

10 s’ « local_search(s) /I Find the local optimum associated with s
11 if f* > f(s’) then

12 * « f(s)

13 s* s
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Chapter 8

Construction Learning
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Construction Learning

Learning: Avoid relying solely on chance

Adding knowledge

@ Repeat experiments and analyze successes (or failures, as one learns more by
making mistakes!)
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Construction Learning

Learning: Avoid relying solely on chance

Adding knowledge

@ Repeat experiments and analyze successes (or failures, as one learns more by
making mistakes!)

@ Remember what has been done

@ Forgetting certain details, which gives the ability to generalize when in a similar but
different situation
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Construction Learning Artificial Ants

8.1 Artificial Ants
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Construction Learning Artificial Ants

Observations with real ants

@ The colony is separated from a Source of food

food source by a path that forks

Nest
(a) Initial situation (b) Final situation *
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Construction Learning Artificial Ants

Observations with real ants

@ The colony is separated from a Source of food

food source by a path that forks

@ Initially the ants are equally
distributed in the two branches

@ Those that took the shortest
route deposit pheromones
more quickly on the way back

@ After a while, all ants use the

shortest path Nest

(a) Initial situation (b) Final situation *
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Construction Learning Artificial Ants

Transcription into an optimization process

@ An ant = a process executing a solution building procedure with a random component

Idea: Adding learning to a GRASP process
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Transcription into an optimization process

An ant = a process executing a solution building procedure with a random component
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Traces are a collective memory

o

o

@ Pheromone traces are 7. values associated with each element e that can constitute a solution

()

@ After the construction of a solution, the values of its elements are increased in proportion to its quality
o

The phenomenon of forgetting is simulated by the evaporation of traces over time

: Adding learning to a GRASP process

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 189/255



Construction Learning Artificial Ants

Transcription into an optimization process

An ant = a process executing a solution building procedure with a random component

Several processes can run in parallel

Traces are a collective memory

o

o

@ Pheromone traces are 7. values associated with each element e that can constitute a solution

()

@ After the construction of a solution, the values of its elements are increased in proportion to its quality
o

The phenomenon of forgetting is simulated by the evaporation of traces over time

Idea: Adding learning to a GRASP process

@ Consider the value 7. in addition to the incremental cost function c(s, e)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 189/255



Construction Learning Artificial Ants

Transcription into an optimization process

An ant = a process executing a solution building procedure with a random component
Several processes can run in parallel

Traces are a collective memory

o

o

@ Pheromone traces are 7. values associated with each element e that can constitute a solution

()

@ After the construction of a solution, the values of its elements are increased in proportion to its quality
o

The phenomenon of forgetting is simulated by the evaporation of traces over time

Idea: Adding learning to a GRASP process

@ Consider the value 7. in addition to the incremental cost function c(s, e)

@ Choose the next element e to be included with probability proportional to 7& - ¢(s, €)®, where « > 0 and
B < 0 are two parameters
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Construction Learning Artificial Ants

Transcription into an optimization process

An ant = a process executing a solution building procedure with a random component

Several processes can run in parallel

Pheromone traces are 7. values associated with each element e that can constitute a solution

Traces are a collective memory

After the construction of a solution, the values of its elements are increased in proportion to its quality
The phenomenon of forgetting is simulated by the evaporation of traces over time

Adding learning to a GRASP process

Consider the value 7. in addition to the incremental cost function c(s, e)

Choose the next element e to be included with probability proportional to 72 - ¢(s, €)?, where a > 0 and
B < 0 are two parameters

At each iteration, 7. is multiplied by 1 — p (0 < p < 1) and is reinforced by a quantity 1/f(s)
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Construction Learning Artificial Ants

Various Ant Systems

Ant System (AS) Difficult to parameterize «, 3, p to avoid a too fast convergence or no
convergence
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Various Ant Systems

Ant System (AS) Difficult to parameterize «, 3, p to avoid a too fast convergence or no
convergence

Ant Colony Optimization (ACO) Add a local search (demon action)
Max-Min Ant system Keeping the value of the traces between 7,,;, and 7.« facilitates the
adjustment of the parameters and makes the process more robust

Fast Ant (FANT) Limit the number of parameters
Self-learning of trace reinforcement level
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Construction Learning Artificial Ants

Max-Min Ant system Frame

Input: Set E of elements constituting a solution; incremental cost function c(s, e) > 0; fitness function f to minimize, parameters Ipmax, m, «, 8, Tmin, Tmax, p and
improvement method a(-)
Result: Solution s™
1 f* + oo
forVe € E do
3 | Te < Tmax

4 for Ipyax iterations do

5 fork=1...mdo

6 Initialize s as a trivial, partial solution

7 R+« E /| Elements that can be added to s
8 while R # @ do Build a new solution

9 Randomly choose e € R with a probability proportional to 75 - (s, e)ﬁ /I Ant colony formula
10 s« sUe

1 From R, remove the elements that cannot be added any more to s

12 s, < a(s) // Find the local optimum s, associated with s
13 if f* > f(sy) then Update the best solution found

14 * <« f(sk)

15 L s* s

16 for Ve € E do Pheromone trail evaporation

17 L 7e + max(Tmin, (L — p) - Te)

18 sp < best solution from {s;, ..., sm}

19 for Ve € s, do Update trail, maintaining it between the bounds

20 L 7e < min(Tmax, Te +1/f(sp))
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FANT Frame

Input: Set E of elements constituting a solution; fitness function f to minimize, parameters /m.x, 7, and improvement method a(-)
Result: Solution s*
f* + oo
Te + 1
for Ve € E do
[ me+ 7

FOTRIVN

for Imax iterations do

5

6 Initialize s to a partial, trivial solution

7 R+ E /I Elements that can be added to s
8 while R # @ do

9 Randomly choose e € R with a probability proportionnal to 7

10 s+ sUe

1 [ From R, remove the elements that cannot be added any more to s

12 <+ a(s) // Find the local optimum s’ associated with s
13 if s’ = s* then manage over-learning

14 Te 4 Tc+1 /I More weight to the newly constructed solutions
15 for Ve € E do Erase all trails

16 L 7e+7c

17 if f* > f(s’) then manage best solution improvement

18 * <« f(s")

19 s* s // Update best solution
20 Te + 1 /I Give minimum weight to the newly constructed solutions
21 for Ve € E do Erase all trails

2 L Te « Te

2 for Ve € s’ do reinforce the trails associated with the current solution

2 [ Te+TetTc

25 for Ve € s* do reinforce the trails associated with the best solution

26 L Te < Te + Tp
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Construction Learning Artificial Ants

Behaviour of FANT for a TSP Instance with 225 Cities
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8.2 Vocabulary Building
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8.2 Vocabulary Building

Idea: memorize parts (words) of solutions (sentences)
@ Build new solutions from these parts
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Idea: memorize parts (words) of solutions (sentences)
@ Build new solutions from these parts
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8.2 Vocabulary Building

Idea: memorize parts (words) of solutions (sentences)
@ Build new solutions from these parts
@ A dictionary of parts is developed
@ A randomized attempt of sentence is constructed from the words in the dictionary
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Construction Learning Vocabulary Building

Vocabulary Building for the VRP

o 2.
o
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- °

(a) The optimal solution to a VRP instance
(b) A few tours quickly obtained with a taboo search
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Solution Fragments (tours) Constituting the Dictionary

\’\A/‘Q\

@ Atour is selected from the dictionary N s P — -

- — N \<7¢ —

N VR -
TN T TN
— A N < \/\F
\ - ~ — AN e 7\
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Solution Fragments (tours) Constituting the Dictionary

\’\A/‘Q\

- \ U P —
/L - - o DA
A SREN \i\
@ A tour is selected from the dictionary - <7 7 — -
@ Tours with customers from the last 7=y N N A
selected tour are set aside v N7 A
= N = S5\ N N —
% = = \>\’ < - g
s - - (— \ ~
- A\\ N P
.
\ o 7 N AN v . . ;
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Solution Fragments (tours) Constituting the Dictionary

\’\A/‘Q\

- \ U P —
/ - - o - A
D S U \i\
@ Atour is selected from the dictionary - <7 7 — -
@ Tours with customers from the last 7=y . N A
selected tour are set aside v — A
@ Repeat as long as possible A Y R
% = = \>\’ he - g
= —_ - o
1 g \ AW \ )
- BAR SN < N A~
A e P

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 197/255



Construction Learning Vocabulary Building

Sentence Attempt, Completion and Improvement

&
a
©
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Fragments of solutions (chains) for a TSP

Edges appearing in more than 2/3 of 100 local optima (dark blue: not in global optimum)
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Chapter 9

Local Search Learning
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Chapter Content

Q Local Search Learning

@ Taboo Search
@ Taboo Duration

@ Strategic Oscillations
@ Long Term Memory
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9.1 Taboo Search

Basic Ideas
@ Local search with best move policy
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9.1 Taboo Search

Basic Ideas
@ Local search with best move policy

@ Allow degradation of the solution from one iteration to the next
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9.1 Taboo Search

Basic Ideas
@ Local search with best move policy

@ Allow degradation of the solution from one iteration to the next
@ Using a memory to avoid cycling
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Local Search Learning Taboo Search

Learning Process

@ Memory

aillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 203/255




Local Search Learning Taboo Search

Learning Process

@ Memory
o Visited solutions
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Local Search Learning Taboo Search

Learning Process

@ Memory

e Visited solutions
o Moves performed
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Local Search Learning Taboo Search

Learning Process

@ Memory

e Visited solutions
o Moves performed

@ Memory use
e Prohibit returning to a previously visited solution (the solution is taboo)
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Local Search Learning Taboo Search

Learning Process

@ Memory

e Visited solutions
o Moves performed

@ Memory use

e Prohibit returning to a previously visited solution (the solution is taboo)
e Prohibit performing the reverse of a move
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Local Search Learning Taboo Search

Learning Process

@ Memory
o Visited solutions
e Moves performed
@ Memory use

e Prohibit returning to a previously visited solution (the solution is taboo)
e Prohibit performing the reverse of a move
o Penalize frequently used moves
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Local Search Learning Taboo Search

Learning Process

@ Memory
e Visited solutions
o Moves performed
@ Memory use
e Prohibit returning to a previously visited solution (the solution is taboo)
Prohibit performing the reverse of a move
Penalize frequently used moves
Force the use of never used moves
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Local Search Learning Taboo Search

Learning Process

@ Memory
o Visited solutions
e Moves performed
@ Memory use

e Prohibit returning to a previously visited solution (the solution is taboo)
Prohibit performing the reverse of a move

o Penalize frequently used moves

e Force the use of never used moves

@ Oblivion
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Local Search Learning Taboo Search

Learning Process

@ Memory
e Visited solutions
o Moves performed
@ Memory use
e Prohibit returning to a previously visited solution (the solution is taboo)
Prohibit performing the reverse of a move
o Penalize frequently used moves
e Force the use of never used moves
@ Oblivion
o Remove a prohibition after a certain number of iterations
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Elementary Taboo Search Frame

Input: Solution s, set M of moves, fitness function f(-) to minimize, parameters /n.x, d
Result: Improved solution s*

15 s

2 for In.x iterations do

3 best_neighbour _value <

4 forall m € M (such that m (or s & m) is not marked as taboo) do
5 if f(s ® m) < best_neighbour_value then

6 best_neighbour_value < f(s & m)

7 L m* < m

8 if best_neighbour_value < co then

9 Mark (m*)~" (or s) as taboo for the next d iterations
10 S+ sdm”
11 if f(s) < f(s*) then

12 L s"+s
13 else
14 L Error message: d too large: no move allowed!
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Taboo Search

Local Search Learning

Elementary Taboo Search for the Knapsack Problem

12s; + 10s, + 9s3 + 754 + 4s5 + 8sg + 1157 + 655 + 1359
10s1 + 125, + 8s3 + 754 + 5s5 + 13s + 9s7 + 655 + 1459

Si € {O, 1}

maxr

45
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Local Search Learning Taboo Search

Influence of Taboo Duration

0.3

0.25

Average fitness of all solutions visited

Fitness (percent above optimum)

------ Average fitness of best solutions discovered

0 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Taboo duration
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Random Taboo Duration for the QAP

Number of iterations to reach the optimum (disc diameter) or number of times the
optimum is found (diameter of empty circles)

a )

N
[$)]
L

©E.0. Taillard 2023
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Local Search Learning Taboo Search

Taboo Duration Choice

©E.D. Taillard 2023

@ Taboo duration too short: cycling
Quality

=+1.8%

+1.2%

+0.6%
Optimum

dmin
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Local Search Learning Taboo Search

Taboo Duration Choice

©E.D. Taillard 2023

@ Taboo duration too short: cycling

@ Taboo duration too long: good solutions
are not allowed to be visited

Quality

=+1.8%

+1.2%

+0.6%
Optimum

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 208/255




Local Search Learning Taboo Search

Taboo Duration Choice

©E.D. Taillard 2023

@ Taboo duration too short: cycling

@ Taboo duration too long: good solutions _Q“i"g’o/
. . m +1.070
are not allowed to be visited =
=11.2%
@ Remedy: Randomly draw taboo =’
duration between d,;, and dpin + A =+0.6%
Optimum
dmin
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Local Search Learning Taboo Search

Taboo Duration Choice

©E.D. Taillard 2023

@ Taboo duration too short: cycling

@ Taboo duration too long: good solutions Quality
are not allowed to be visited EH-S%
@ Remedy: Randomly draw taboo EH-Z%
duration between d,,,;, and dni, + A = +0.6%
@ Example for a TSP with n = 52 cities Optimum
performing 10n iterations
Amin

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 208/255



Local Search Learning Strategic Oscillations

9.2 Strategic Oscillations
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification

@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification

@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory

o Lower the value of d

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory

o Lower the value of d
o Start again from best solution found

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory

o Lower the value of d
o Start again from best solution found

@ Diversification: Try to go elsewhere

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory

o Lower the value of d
o Start again from best solution found

@ Diversification: Try to go elsewhere
e By penalizing frequently performed moves

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory
o Lower the value of d
o Start again from best solution found
@ Diversification: Try to go elsewhere

e By penalizing frequently performed moves
e By forcing to do a very rarely performed move, regardless of its evaluation

@ Reactive Taboo Search (RTS)
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory
o Lower the value of d
o Start again from best solution found
@ Diversification: Try to go elsewhere

e By penalizing frequently performed moves
e By forcing to do a very rarely performed move, regardless of its evaluation
o Starting with a new solution

@ Reactive Taboo Search (RTS)

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 210/255



Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory
o Lower the value of d
o Start again from best solution found
@ Diversification: Try to go elsewhere

e By penalizing frequently performed moves
e By forcing to do a very rarely performed move, regardless of its evaluation
o Starting with a new solution

@ Reactive Taboo Search (RTS)
@ Increase taboo duration if visiting a solution already encountered
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Local Search Learning Strategic Oscillations

Strategic Oscillations

Alternate phases of intensification and diversification
@ Intensification: Forbidding a move or solution for d iterations implements a short
term memory
o Lower the value of d
o Start again from best solution found
@ Diversification: Try to go elsewhere

e By penalizing frequently performed moves
e By forcing to do a very rarely performed move, regardless of its evaluation
o Starting with a new solution

@ Reactive Taboo Search (RTS)

@ Increase taboo duration if visiting a solution already encountered
e Diminish taboo duration if no solution is revisited for many iterations
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Pathological Situation for the TSP

Penalizing frequently performed moves allows escape from plateaus

For this TSP tour: many 2-opt moves with 0 cost
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Local Search Learning Strategic Oscillations

Move Penalty for the TSP

Penalizing moves according to the frequency of their use can even eliminate the need for

a taboo list!

A
21}
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Population Management

Chapter 10

Population Management

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 213/255



Chapter Content

@ Population Management............... 213
@ Evolutionary Algorithms Framework. ... 217
@ Genetic AlQOrithms . ... 221

@ Selection Operators for Reproduction
@ Mutation Operators
@ Selection operator for survival

@ Memetic Algorithms. ... 232

@ Scatter SearCh ... 233
@ Example of Scatter Search for the Knapsack

@ Biased Random Key Genetic Algorithm (BRKGA)............... 237

@ Path ReliNKiNg ... 239
@ GRASP with Path Relinking

@ Fixed Set SearCh ... .. 242

@ PartiCle SWarm . 242

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 214/255



AV ‘L

A."'U.VA\, VAY

215/255



Population Management

Idea of Evolutionary Algorithms

@ It is easy to generate many different solutions for a problem
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Population Management

Idea of Evolutionary Algorithms

@ It is easy to generate many different solutions for a problem

@ Build new solutions by combining previously obtained solutions

@ Scatter the generated solutions throughout the solution set

@ The combination of solutions can select the right features from each
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Population Management Evolutionary Algorithms Framework

10.1 Evolutionary Algorithms Framework

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 217/255



Generational loop in an evolutionary algorithm

Selection for survival

Fitness evaluation

w1 Offspring

Mutation
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Evolutionary Algorithms Frame

Input: Parameters i and A, selection for reproduction, crossover, mutation and selection
for survival operators
Result: Population of solutions P
1 Generate a population P of 1 solutions
2 repeat
3 Select individuals from P with the selection for reproduction operator
4 Combine the selected individuals with the crossover operator and apply the mutation
operator to get A new solutions
5 Among the p + A solutions, select . individuals with the selection for survival operator;
these p individuals constitute the population P for the next generation
6 until a stopping criterion is satisfied
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Population Management Evolutionary Algorithms Framework

Evolutionary Algorithms Options

@ Selection operators for reproduction and survival
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Population Management Evolutionary Algorithms Framework

Evolutionary Algorithms Options

@ Selection operators for reproduction and survival
@ Solution combination operator
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Population Management Evolutionary Algorithms Framework

Evolutionary Algorithms Options

@ Selection operators for reproduction and survival
@ Solution combination operator
@ Mutation operator
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Population Management Evolutionary Algorithms Framework

Evolutionary Algorithms Options

@ Selection operators for reproduction and survival
@ Solution combination operator

@ Mutation operator

@ Population Management
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Population Management Evolutionary Algorithms Framework

Evolutionary Algorithms Options

Selection operators for reproduction and survival
Solution combination operator

Population Management

°
°
@ Mutation operator
°
@ Stopping criterion
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Population Management Genetic Algorithms

10.2 Genetic Algorithms

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 221/255



Population Management Genetic Algorithms

Selection Operators for Reproduction

Selection by rank Assigning a quality measure f; = (1 — ﬁ)", where r; is the rank of the
ith individual (the best individual has a rank of 1 and the worst of 1) and
p > 0 is a parameter to modulate the selection pressure (p = 0 : uniform (no
selection pressure), p = 2 is a relatively high pressure)
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Population Management Genetic Algorithms

Selection Operators for Reproduction

Selection by rank Assigning a quality measure f; = (1 — ﬁ)", where r; is the rank of the
ith individual (the best individual has a rank of 1 and the worst of 1) and
p > 0 is a parameter to modulate the selection pressure (p = 0 : uniform (no
selection pressure), p = 2 is a relatively high pressure)

Proportional selection Individual i of quality f; has a probability f;/>" f; of being selected
(roulette wheel)

Natural selection Each individual has the same probability of being selected
Complete selection All individuals are selected for reproduction
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Population Management Genetic Algorithms

Selection probability for different operators for reproduction

Fitness-function | Rank | Rank-b. (p =2) Rank-b. (p=1) Natural Proportional

220 1 0.260 0.182 0.1 0.220
162 2 0.210 0.164 0.1 0.162
157 3 0.166 0.146 0.1 0.157
93 4 0.127 0.127 0.1 0.093
85 5 0.094 0.109 0.1 0.085
74 6 0.065 0.091 0.1 0.074
61 7 0.042 0.073 0.1 0.061
55 8 0.023 0.054 0.1 0.055
49 9 0.010 0.036 0.1 0.049
44 10 0.003 0.018 0.1 0.044
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Population Management Genetic Algorithms

Uniform Crossover: Production of 2 children from 2 parents

@ Going through the genes one by one

Parent 1
IAICIAIGITITITlGIGICIAIGI
Parent 2
lclalt]afc[T]|al[ala[T[c]|a]
© © 0 © ©

Offspring 1

lclafafalr[T][c[Aalc[c]c[a]

Offspring 2
[Alc]tle]c|T[Tlcla|T[A]G]
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Population Management Genetic Algorithms

Uniform Crossover: Production of 2 children from 2 parents

@ Going through the genes one by one

@ Each element of the first child is drawn randomly from the first or second parent

Parent 1
[Aflclala|T[T[7]c]a[c[A]q]
Parent 2
lclalt]afc[T]af[ala[T[c]a]
© © 0 © ©

Offspring 1

lclafafalr[T][c[Aalc[c]c[a]

Offspring 2
[Alc]t[e]c|T[T]cla|T[A]G]
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Population Management Genetic Algorithms

Uniform Crossover: Production of 2 children from 2 parents

@ Going through the genes one by one

@ Each element of the first child is drawn randomly from the first or second parent

@ The other child receives the complementary elements

©E.D. Taillard 2023

Parent 1
(Alcfalefr|T][T]c[a[c[a]G]
Parent 2
clalrlcelc|T]af[ala[T]|c]|G]
© © o © ©

Offspring 1

lclafafalr[T][clAalc[c]c[a]

Offspring 2
[Alc]tle]c|T[T]cla|T[A]G]
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Population Management Genetic Algorithms

Uniform Crossover for Permutation

Proceed in two steps, leaving empty the cells for which no choice is possible
Randomly fill in the blanks with the missing elements

Parent 1 2023
|9|5|12|8|2|6|1|11|3|1o|4|7|
Parent 2
[ 3|11]4a]812]5]1]2]|10]6]9]7]

() (o) (o)
Step 1

| 3[1f12]8f2f6[1] [t10f [o[7]
Offspring

(3[11]12]8[2]6][1]|[5]10[4]9]7]
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Single-Point Crossover: Production of 2 children from 2 parents

Randomly picks a point within the solution vector

@ Copy the items from the first parent up to the point, and those of the second from there for the first child

Parent 1 ©E.D. Taillard 2023
(alclale[T[T]|T]G|c[c[A]a]
Parent 2

lclalT]alc[T[e[a]a[T[c]|G]

‘=,

5}

Offspring 1
[Alc]afe]T[T][T]a[c[T[c]|q]

Offspring 2
lclafT]afc|T]a]afa]c]Aa]G]
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Population Management Genetic Algorithms

Single-Point Crossover: Production of 2 children from 2 parents

Randomly picks a point within the solution vector

@ Copy the items from the first parent up to the point, and those of the second from there for the first child

@ Copy the items from the second parent up to the point, and those of the first from there for the second

child

Parent 1

©E.D. Taillard 2023

[Alcfale[T[T[T]G

Glclala]

Parent 2

clalT]alc[T[a]A

c¢[T[cla]

Offspring 1

[Alc]afe]T[T][T]c[c[T[c]|q]

Offspring 2

lclalT]alc[T][e[a]a]c[Aa]G]
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Population Management Genetic Algorithms

2-Points Crossover : Production of 2 children from 2 parents

Randomly picks 2 different points within the solution vector
@ For the first child: Copy the elements from the first parent up to the first point and from the second point

up to the end, copy the intermediate part from the second parent

Parent 1
alc|alg|T|T]T]|G|G|c|A]|G]
Parent 2
c[a]T]Gg|c[T]G[AalGg][T]c[G]
72— /57

Offspring 1 £

[Alc]afe]c|T][a|afa[c]Aa]G]

Offspring 2
lclafrle[T]T]T]c]c[T[c]c]
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Population Management Genetic Algorithms

2-Points Crossover : Production of 2 children from 2 parents

Randomly picks 2 different points within the solution vector
@ For the first child: Copy the elements from the first parent up to the first point and from the second point
up to the end, copy the intermediate part from the second parent
@ For the second child: Copy the elements from the second parent up to the first point and from the
second point up to the end, copy the intermediate part from the first parent

Parent 1
alc|alg|T|T]T]|G|G|c|A]|G]
Parent 2

c[a]T]G]|c[T][G][A

J J
¥
Offspring 1

[Alc]ala]c|T][c[Aafc[c[A]G]

®
4|
o
ol

©F.D. Taillard 2023

Offspring 2
lclafrle[T[T]T]c]c[T[c]q]
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Population Management Genetic Algorithms

OX Crossover for the TSP : Respect the sequence of successors

@ Choose 2 crossover points

©F.D. Taillar d 2023

Parent 1

lo[s5]12]8|2]6[1[11|3][10]4]7]
Parent 2
'3[11]a]8|12]5]1][2|10]6]9]7]

(77 /(37
n@ Offspring m

261 [11]4][8]12]5]10[9]7]3]
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Population Management Genetic Algorithms

OX Crossover for the TSP : Respect the sequence of successors

@ Choose 2 crossover points
@ The intermediate portion is copied from the first parent

©F.D. Taillard 2023

Parent 1

lo[s5]12]8]|2]6[1[11|3][10]4]7]
Parent 2
'3[11]a]8|12]5]1[2|10]6]9]7]

o) 5

Offspring
261 [11]4][8]12]5]10[9]7]3]
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Population Management Genetic Algorithms

OX Crossover for the TSP : Respect the sequence of successors

@ Choose 2 crossover points
@ The intermediate portion is copied from the first parent

@ Locate the last item copied into the child in the second parent

©F.D. Taillard 2023

Offspring

Parent 1
lo[s5]12]8]|2]6[1[11|3][10]4]7]
Parent 2
'3[11]a]8|12]5]1[2|10]6]9]7]
[/ V&V
() (5

[2]6[1[11]4][8]12]5]10[9]7]3]
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Population Management Genetic Algorithms

OX Crossover for the TSP : Respect the sequence of successors

@ Choose 2 crossover points
@ The intermediate portion is copied from the first parent
@ Locate the last item copied into the child in the second parent

@ Complete the child in the order in which the elements appear in the second parent (skip elements
already introduced; cyclic path)

©F.D. Taillard 2023

Parent 1
lo[s5]12]8]|2]6[1[11|3][10]4]7]
Parent 2
'3[11]a]8|12]5]1[2|10]6]9]7]
&) i
n Offspring
[2]6][1[11]4][8]12]5]10[9]7]3]
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Population Management Genetic Algorithms

Mutation Operators: Randomly disturb the children

@ Bringing diversity (new blood) into the population

G 1354
o Mutation rate 1%
A
130 B Mutation rate 2%
A A Mutation rate 5%
125{™® 1‘,_*:* + No mutation
mrt 4
1204 ++ A
+
i Aa
1154 A
-'."+
+
1104 A
1054
Sy [
100 T T )
100 1,000 10,000 100,000
Generations
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Population Management Genetic Algorithms

Mutation Operators: Randomly disturb the children

@ Bringing diversity (new blood) into the population
@ Avoid to clone individuals

G 1354
o Mutation rate 1%
A
130 B Mutation rate 2%
A A Mutation rate 5%
125{™® 1‘,_*:* + No mutation
mrt 4
1204 ++ A
+
i Aa
1154 A
-'."+
+
1104 A
1054
Sy [
100 T T )
100 1,000 10,000 100,000
Generations
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Population Management Genetic Algorithms

Selection operator for survival

Generational replacement A = p, children replace parents
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Population Management Genetic Algorithms

Selection operator for survival

Generational replacement A = p, children replace parents
Evolutionary strategy A > p, the best children replace the parents
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Population Management Genetic Algorithms

Selection operator for survival

Generational replacement A = p, children replace parents
Evolutionary strategy A > p, the best children replace the parents
Stationary replacement A = 2, children replace parents
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Selection operator for survival

Generational replacement A = p, children replace parents
Evolutionary strategy A > p, the best children replace the parents
Stationary replacement A = 2, children replace parents

Elitist replacement The u best elements among ¢ + A survive
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Population Management Genetic Algorithms

Influence of population size, elitist replacement

3 1407 - :A‘ N
o A,
A Ap=5
1351 + & x °°
m g T+
1301 oy X " =10
A
1251 eohx
R X
+ oA Ky
1201 ‘w 8 %
+.*_; % Yo
4 %A,
1151 + o *
R
1101 e x
% ’% + =50
000
1051 = 100
x )2& Xu:200
2 X = 500
£ 100 . . . M
H 10 100 1,000 10,000 100,000
3 Generations
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10.3 Memetic Algorithms

Idea: Learn better by managing the population intelligently, improve solutions faster by

combining a genetic algorithm with other ingredients of meta-heuristics
@ Consider several small populations (islands)
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combining a genetic algorithm with other ingredients of meta-heuristics

@ Consider several small populations (islands)
o Accelerated convergence of each population
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10.3 Memetic Algorithms
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combining a genetic algorithm with other ingredients of meta-heuristics
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o Accelerated convergence of each population
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o Reject the solutions that are too similar to others in the population
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10.3 Memetic Algorithms

Idea: Learn better by managing the population intelligently, improve solutions faster by

combining a genetic algorithm with other ingredients of meta-heuristics

@ Consider several small populations (islands)
o Accelerated convergence of each population
@ Define a diversity measure between solutions

o Reject the solutions that are too similar to others in the population
e Survival of the best solution of a population
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10.3 Memetic Algorithms

Idea: Learn better by managing the population intelligently, improve solutions faster by

combining a genetic algorithm with other ingredients of meta-heuristics

@ Consider several small populations (islands)
o Accelerated convergence of each population
@ Define a diversity measure between solutions

o Reject the solutions that are too similar to others in the population
e Survival of the best solution of a population

@ Create a communication network between islands (ring, grid, . ..)
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10.3 Memetic Algorithms

Idea: Learn better by managing the population intelligently, improve solutions faster by

combining a genetic algorithm with other ingredients of meta-heuristics

@ Consider several small populations (islands)
o Accelerated convergence of each population
@ Define a diversity measure between solutions

o Reject the solutions that are too similar to others in the population
e Survival of the best solution of a population

@ Create a communication network between islands (ring, grid, . ..)
e Send solutions from one population to another to diversify them
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10.3 Memetic Algorithms

Idea: Learn better by managing the population intelligently, improve solutions faster by

combining a genetic algorithm with other ingredients of meta-heuristics

@ Consider several small populations (islands)
o Accelerated convergence of each population
@ Define a diversity measure between solutions

o Reject the solutions that are too similar to others in the population
e Survival of the best solution of a population

@ Create a communication network between islands (ring, grid, . ..)
e Send solutions from one population to another to diversify them

@ Replace the mutation operator with a local search
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10.4 Scatter Search

Break the taboo of a reproduction limited to the crossover of two solutions

@ Initial population: as scattered as possible
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10.4 Scatter Search

Break the taboo of a reproduction limited to the crossover of two solutions

@ Initial population: as scattered as possible
@ Combine several solutions with each other
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10.4 Scatter Search

Break the taboo of a reproduction limited to the crossover of two solutions

@ Initial population: as scattered as possible
@ Combine several solutions with each other
@ Repair/improvement operator
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10.4 Scatter Search

Break the taboo of a reproduction limited to the crossover of two solutions

@ Initial population: as scattered as possible

@ Combine several solutions with each other

@ Repair/improvement operator

@ Population management in elite and diverse solutions
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Scatter Search Frame

Input: Size . of the complete population, E size of the subset of elite solutions
Result: Population of solutions
1 Systematically generate a (large) population P of potential solutions as dispersed as possible
2 repeat
Repair and improve the solutions from P to make them feasible using the repair/improvement

operator
4 Eliminate identical solutions from P
5 Identify the E best solutions from the population; they are retained in the reference set as elites
6 Identify from P the 1, — E solutions which are the most different from the elite solutions, they

are kept and complete the reference set

7 Combine in all possible ways the p solutions of the reference set to obtain 2# — y — 1 new
potential solutions

8 Join the potential solutions to the reference set to obtain the new population P of the next

iteration
9 until the population remains stable
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Population Management Scatter Search

Example of Scatter Search for the Knapsack

maxr =

11s; + 10sp + 9s3 + 1254 4+ 10s5 + 6ss + 7s7 + bsg+ 3s9 + 8sio

Subject 33s; + 27s; + 1653 + 145, + 29s5 + 3055 + 31s7 + 335 + 14s9 + 1850 < 100

to: s;e€{0,1}(i=1,...,10)
(1)
Potential solution ~ Value | Repaired/improved solution Value

1] (1,1,1,1,1,1,1,1,1,1) 81 (0,1,1,1,0,0,0,0,1,1) 42

21 (,,1,0,1,0,1,0,1,0) 40 (1,0,1,1,1,0,0,0,0,0) 42

3 (1,0,0,1,0,0,1,0,0,1) 38 (1,0,0,1,0,0,1,0,0,1) 38

4 (1,0,0,0,1,0,0,0,1,0) 24 (1,0,0,1,1,0,0,0,1,0) 36

51 (1,0,0,0,0,1,0,0,0,0) 17 (1,0,1,1,0,1,0,0,0,0) 38

6 | (0,0,0,0,0,0,0,0,0,0) 0 (0,1,1,1,0,0,0,0,0,1) 39

7 (0,1,0,1,0,1,0,1,0,1) 41 (0,1,0,1,0,1,0,0,0,1) 36

8 | (0,1,1,0,1,1,0,1,1,0) 43 (0,1,1,1,1,0,0,0,1,0) 44

9 (0,1,1,1,0,1,1,1,0,1) 57 (0,1,1,1,0,0,0,0,1,1) 42 = solution 1
10 | (0,1,1,1,1,0,1,1,1,1) 64 (0,1,1,1,0,0,0,0,1,1) 42 = solution 1

© Eric D. Taillard 2024 (HEIG-VD)

Heuristic Design April 3, 2025

235/255



Population Management Scatter Search

Determining the reference set and combining 3 solutions

Candidate Hamming Distance Minimal
Solution Elite 1 Elite2 Elite 8 | Distance
3 (1,0,0,1,0,0,1,0,0,1) 5 4 7 4
4 (1,0,0,1,1,0,0,0,1,0) 5 2 3 2
5 (1,0,1,1,0,1,0,0,0,0) 5 2 5 2
6 (0,1,1,1,0,0,0,0,0,1) 1 4 3 1
7 (0,1,0,1,0,1,0,0,0,1) 3 6 5 3
38
— (1 1 1 1
38+36+4‘4( 7030) ’0707 3070’ )+
36
—(0,1,0,1,0,1 1
38+36+44 (07 70’ 707 7070707 )+
44
-—-—(0,1,1,1,1,0,0,0,1,0
38+36+44 ) ) ) b ) ) ) ) b )

(
=(0.322,0.678,0.373,1.000, 0.373,0.305, 0.322,0.000, 0.373, 0.627)
Round(0,1,0,1,0,0,0,0,0,1)
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Population Management Biased Random Key Genetic Algorithm (BRKGA)

10.5 Biased Random Key Genetic Algorithm (BRKGA)

Working Principles
@ A solution (permutation) is coded as an array of real numbers
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Population Management Biased Random Key Genetic Algorithm (BRKGA)

10.5 Biased Random Key Genetic Algorithm (BRKGA)

Working Principles

@ A solution (permutation) is coded as an array of real numbers
e Sorting the array allows the permutation to be reconstructed

@ The E best solutions are kept for the next iteration
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e Sorting the array allows the permutation to be reconstructed

@ The E best solutions are kept for the next iteration
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@ The child is generated with a uniform crossover, but with a probability £ 0.5
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Population Management Biased Random Key Genetic Algorithm (BRKGA)
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@ A solution (permutation) is coded as an array of real numbers
e Sorting the array allows the permutation to be reconstructed

@ The E best solutions are kept for the next iteration

@ The selection for reproduction always chooses a solution from the elite set E
@ The child is generated with a uniform crossover, but with a probability £ 0.5
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10.5 Biased Random Key Genetic Algorithm (BRKGA)

Working Principles

@ A solution (permutation) is coded as an array of real numbers
e Sorting the array allows the permutation to be reconstructed

@ The E best solutions are kept for the next iteration

@ The selection for reproduction always chooses a solution from the elite set E
@ The child is generated with a uniform crossover, but with a probability £ 0.5
o The selected elite solution is favoured

@ \ < p — E children are generated

© Eric D. Taillard 2024 (HEIG-VD) Heuristic Design April 3, 2025 237/255



Population Management Biased Random Key Genetic Algorithm (BRKGA)

10.5 Biased Random Key Genetic Algorithm (BRKGA)

Working Principles

@ A solution (permutation) is coded as an array of real numbers
e Sorting the array allows the permutation to be reconstructed

@ The E best solutions are kept for the next iteration

@ The selection for reproduction always chooses a solution from the elite set E
@ The child is generated with a uniform crossover, but with a probability £ 0.5
o The selected elite solution is favoured

@ \ < p — E children are generated
@ 1 — E — X new arrays are generated randomly to maintain diversity
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Biased Random Key Genetic Algorithm (BRKGA)
Biased Random Key Genetic Algorithm (BRKGA): lllustration

E elite solutions \
10.12]0.45/0.67/0.01]0.17]0.98 0.33]

10.54/0.78/0.18/0.92]0.83]0.21] 0.42]

Biased crossover

A offsprings 1 2 3 4 5 6 7
10.12[0.78/0.67/0.92] 0.17]0.98] 0.33]

Decoding

1 5 7 3 2 4 6
Permutation

Mutants ©E.D. Taillard 2023
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Population Management Path Relinking

10.6 Path Relinking

General Idea
@ Gradually transform a starting solution into a given target solution
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Population Management Path Relinking

10.6 Path Relinking

General Idea
@ Gradually transform a starting solution into a given target solution

@ Evaluate at each stage the neighbour solutions that allow to get closer to the target
one

@ Choose the neighbour with the best objective function
@ The path can also be tried in the opposite direction
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Population Management Path Relinking

10.6 Path Relinking

General Idea
@ Gradually transform a starting solution into a given target solution

@ Evaluate at each stage the neighbour solutions that allow to get closer to the target
one

@ Choose the neighbour with the best objective function
@ The path can also be tried in the opposite direction
@ Or modify alternately the 2 solutions and stop when they are identical
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Population Management Path Relinking

lllustration of a Path Relinking for Permutations

Starting solution

4231567
1432567

1234567
4132567
6234517

1234765 | 1432567

4632715| Target solution

OE.D. Taillard 2023
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GRASP with Path Relinking

Input: GRASP procedure (with local search LS and parameter 0 < « < 1), parameters
Imax and p
Result: Population P of solutions
1 P—o
2 while |P| < p do
3 s « GRASP(«,LS)
4 if s ¢ P then
5 | P+ PUs

6 for /., iterations do

s < GRASP(a,LS)

8 Randomly draw s’ € P Apply a path relinking method between s and s’; identifying the
best solution s” of the path

9 if s ¢ P ands” is strictly better than a solution of P then

0 L s” replaces the most different solution of P which is worse than s”
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Population Management Particle Swarm

10.8 Particle Swarm

General idea: Solution = particle
@ The solutions are represented by real number vectors
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@ Each particle has initially a random position and speed
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Population Management Particle Swarm

10.8 Particle Swarm

General idea: Solution = particle
@ The solutions are represented by real number vectors

@ Each particle has initially a random position and speed

@ Each particle is influenced by the best position it has found and the position of the
best particle in the swarm
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Population Management Particle Swarm

Particle Swarm: Velocity and Position Update

AOld v
Wi,
: Global best 2
[ )

0ld 5} @

TR - )

—
@ Own best m;

©F.D. Taillard 2023
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Population Managemei Particle Swarm

Particle Swarm Frame

Input: Function f : [7,,,,-,,, 7max] € R" — R to minimize, parameters 1, w, ¢1, ¢2, Imax

Result:

f* = o0

forp=1.. .L?O

73 < unif (X min — X maxs X max — X min)

—
5 unif (R mins X max)

mp ¢ 5
if * > f(53) then Update gloal best
£ — £(55)
=
L 7T+
for Imax iterations do
forp=1.. .;1,-(30
o« unif(_0>,—1>)
B« wnif(0,T)
Vo wip + 1t @(mp — ) + 21 @(F - %)
Sp < max(min(Sy + Vp, X max)s X min)
if 55) then Update own best

fi
mp = 5
it £ > f(355 h_()en Update gloal best
L )
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// Initial particle position (solution)
// Best own position

// Update velocity
/I Update position
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Chapter 11

Heuristics Design
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11.1 Problem Modelling
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Heuristics Design Problem Modelling

Choose the Right Model

Modeling has a preponderant influence on the difficulty of resolution
In some cases, one can go from a difficult problem to a simple one
Example: de Bruijn Graph for the reconstitution of a genetic sequence

@ An edge link the detected k-nucleotides that can appear successively in the
sequence
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Heuristics Design Problem Modelling

Choose the Right Model

Modeling has a preponderant influence on the difficulty of resolution
In some cases, one can go from a difficult problem to a simple one
Example: de Bruijn Graph for the reconstitution of a genetic sequence
@ An edge link the detected k-nucleotides that can appear successively in the
sequence
e Hamiltonian path, NP-complete
@ An edge represents a detected k-nucleotides linking two k — 1-nucleotides
o Eulerian path, can be solved in linear time
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Reconstitution of a Genetic Sequence

CGC

ACGCAAACACTTA

ACACGCAAACTTA
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Heuristics Design Algorithmic Construction

11.2 Algorithmic Construction

Using the divide-and-regard paradigm when dealing with large data
@ Data partitioning
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Heuristics Design Algorithmic Construction

11.2 Algorithmic Construction

Using the divide-and-regard paradigm when dealing with large data

@ Data partitioning
@ Designing a specific local search

e The choice of a good neighbourhood is crucial
e The no free lunch theorem says that there is no universally better heuristic

@ The heuristics must be adapted to the numerical characteristics of the problem
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Heuristics Design Algorithmic Construction

Decomposition into a Series of Sub-problems: Location Routing

(a) Create groups of cities with an unsupervised clustering method
(b) Create a tour on each group

(c) Position the depots with a clustering method (grouping of tours)

£)

£
é /:f
¥
W

EIJ B
e

A

© Eric D. Taillard 2024 (HEIG-VD)

Heuristic Design

April 3, 2025 251/255



Heuristics Design Heuristics Tuning

11.3 Heuristics Tuning

@ Problem instance choice
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@ Problem instance choice
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11.3 Heuristics Tuning

@ Problem instance choice
o Do not bias the results
@ Graphical representation of the solutions produced
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11.3 Heuristics Tuning

@ Problem instance choice

o Do not bias the results
@ Graphical representation of the solutions produced

e Allows a better understanding of the (non-)functioning of a heuristic
@ Adjustment of settings and options

o By far the most time consuming part
o Consider using automated processes to avoid bias

@ Measurement criteria
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11.3 Heuristics Tuning

@ Problem instance choice

o Do not bias the results
@ Graphical representation of the solutions produced

e Allows a better understanding of the (non-)functioning of a heuristic
@ Adjustment of settings and options

o By far the most time consuming part
o Consider using automated processes to avoid bias

@ Measurement criteria
@ Success rate
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Heuristics Design Heuristics Tuning

11.3 Heuristics Tuning

@ Problem instance choice

o Do not bias the results
@ Graphical representation of the solutions produced

e Allows a better understanding of the (non-)functioning of a heuristic
@ Adjustment of settings and options

o By far the most time consuming part
o Consider using automated processes to avoid bias

@ Measurement criteria

@ Success rate
o Computational time
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Heuristics Design Heuristics Tuning

11.3 Heuristics Tuning

@ Problem instance choice
o Do not bias the results
@ Graphical representation of the solutions produced
e Allows a better understanding of the (non-)functioning of a heuristic
@ Adjustment of settings and options
o By far the most time consuming part
o Consider using automated processes to avoid bias
@ Measurement criteria

@ Success rate
o Computational time
o Quality of the solutions produced
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Heuristics Design Heuristics Tuning

Time to Target Plot, Optimal Resolution of a TSP
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Empirical complexity analysis

Allows to see the evolution of the resources needed according to the size of the problem
Highlights algorithmic optimizations to be undertaken
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Heuristics Design Heuristics Tuning

STAMP Graph

Estimates by bootstrapping the confidence interval of the observed means or medians according to the calculation effort
Double scale of effort measurement: absolute (number of GRASP iterations) or relative (calculation time)
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